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Abstract

This paper shows that any odd power of any fixed point of the Gauss
map is also a fixed point of th Gauss map, and gives its specific continued
fraction form.

This paper also shows that any even power of any fixed point of the Gauss
map is an inverse image of a specific 2-cycle.
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1. Preliminaries

The main purpose of this section is to introduce basic definitions and major
properties of continued fractions and the Gauss map.

1.1 Continued Fractions

Every real number « has a unique continued fraction representation of the form

v = [ag; a1, a9, -] =ag + ;1 , where i,a; € N.
ay + —
ag + - --
If ~y is a rational number, then it is represented as a finite continued fraction of
the form v = [ag; a1, a2, - -,ax] , where ay,as,---,a; € N.
If v = [0;a1,a9, - ,ak,a1,a9, -, ak, |, then it is called a k — cycle , or a
periodic continued fraction of period k, and we denote it by [0;ar; az, -, ax |-

Lagrange’s theorem : + is a periodic continued fraction if and only if v is an
irrational quadratic .
A
o, where C,, = B—n, Ay = ag,
n
Ay =apa1+1, Ay =anAn_1+ Ao , foreveryn > 2, and By =1, By = az,
B, =a,By_1+ B,_2 , for every n > 2.

The convergents of v are denoted by {C,}

For more details about continued fractions and their main properties, the reader
can refer to [3], [4] and [5]

1.2 Gauss map
The Gauss map G : [0,1] — [0,1] is defined as follows :
0 if x=0.

@) =1 |
Emodl if xe(0,1].



If v = [0;a1,a2,---] is any continued fraction in the interval (0,1] , where
i,a; € N, then G ([0;a1,as9,---]) = [0;a2,as,- -], which means that the effect
of the Gauss map on every continued fraction is shifting its entries to the right.
Hence the fixed points of the Gauss map are the 1-cycles, or continued fractions
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2

of the form v = [0;77]= , for every n € N.

For more details about the Gauss map, the reader can refer to [1] and [2].

2. Introduction

We know that the fixed points of the Gauss map are the 1 — cycles, or continued

—n++vn?+4
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fractions of the form [0;77]= , for every n € N.

Are the powers of any fixed point of the Gauss map also fixed points of the
Gauss map?.

Let us calculate some of the powers of the fixed point v = [0;1]. +* = [0;4 ],
74 = [0;6; 1775 ]7 '75 = [Oaﬁ ]ﬂ 76 = [0;177 17716 ]7

We notice that 42 and v° are fixed points of the Gauss map, but v* and 7° are
not fixed points of the Gauss map.

Are the the odd powers of any fixed point of the Gauss map also fixed points of
the Gauss map?.

In section 3, we prove that the odd powers of any fixed point of the Gauss map
are also fixed points. Also, we give the continued fraction form of any odd power
of any fixed point of the Gauss map in terms of the B,, of the fixed point itself.

What is the continued fraction form of any even power of any fixed point of
the Gauss map?.

In section 4, we prove that any even power of any fixed point of the Gauss map
is an inverse image of a specific 2 — cycle, and we give its specific continued
fraction form in terms of the B,, of the fixed point itself.

Generally, if we know the B, of any fixed point of the Gauss map, then we
can know the continued fraction form of all the powers of the fixed point.



3. Odd powers of the fixed points of the Gauss map
In this section, we show that any odd power of any fixed point of the Gauss

map is also a fixed point.

More precisely, we show in propsition (3.5), that if v = [0;7], where n € N,
is a fixed point of the Gauss map, then 2¢+1 = [0; Bog—1 + Bagt1 }, for every
keN.

But first, we present four easy lemmas which are helpful for the proof of prop-
sition (3.5).

Lemma 3.1 : If v = [0; 7] is any fixed point of the Gauss map, where n € N,
then Bopy1 =n [ng + Bog_o+ -+ By + Bo} , for every kK € N .
Proof : By induction

e The case k = 1, we want to show that Bs = n[Bs + By .
B3 = n DB+ DB

= nt+nB0+B_1
= nBy+nBy+0

= TL[B2+Bo] .

e Suppose that the statement is true for k =m .
That is, Bap41 = 1 [Bam + Bam—2 + -+ + Bz + By) .

e Now, we prove that the statement is true for the case k =m + 1 .
We want to show that Ba,,+3 = n[Bamy2 + Bam + -+ + B2+ By .

BQnL+3 = n B2m+2 + BQnL+1

= n Bopmy2 +n[Bam + Bam—2 + -+ + Bz + By
( by induction step )

= n [B2m+2 + B2m + BZm—Q + -+ BZ + BO} .
Lemma 3.2 : If v = [0;7] is any fixed point of the Gauss map, where n € N,

then (Bagy1 Bok—1) +1= B;k , for every k € N .
Proof : By induction

e The case k =1, note that By =n , B, =n?+1 and B3 = n® + 2n .
We want to show that (B3 By) + 1= B3 .

(Bs Bl)+1 = (n(n+2n))+1
= nt+2n2+1
= ()’

- B



e Suppose that the statement is true for k =m .
That is, (B2m+1 Bgmfl) +1= B%m .

e Now, we prove that the statement is true for the case k =m + 1 .
We want to show that (Bayi3 Bomi1) +1= B3, .5 .

(Bam+3 Bam41) +1 = (n[Bam+2 + Bom + Bam—2 + -+ + By + Bo| Bay1) + 1
( by lemma 3.1)

n Bopy2 Bomy1 +1n Bapy1 Bopy,
+ Bomt1n [Bam—2+ -+ B2+ Bo| + 1

n Bamy1 (0 Bamy1 + Bam) + 1 Bamy1 Bam
+  (Bamt1 Bam—1) +1
( by definition of Bomio , and lemma 3.1)

= nngm—Q—l + 2n BQm+1 B2m + B%m
( by induction step )

= (n Boms1+ Bam)® = B34

Lemma 3.3 : If v = [0;7] is any fixed point of the Gauss map, where n € N,
then v2¥+1 = ~ By), — Bgp_1 , for every k € N .
Proof : By induction

e The case k =1, note that By =n and B, =n? + 1.
We want to show that v = v By — By .

1
v = ——-n
5
7 o= 1-ny
v = y—n~?

= 7y—n(l-n9)
= y—n+n’y
= (n2+1)'y—n
= vBy—B;.

e Suppose that the statement is true for k =m .
That iS, 72m+1 =7 Bgm — Bgm_l .

e Now, we prove that the statement is true for the case k =m +1 .



2m—+3

We want to show that = Bom+t2 — Bom+1 -

2m+3 2 .2m+1

v 7

= (1 -n 7) (’7 B2m - B2m71)
( by induction step )

= 7 Boym — Boym—1 — ny? Boy, + 17y Bop

= v (Bam +n Bapm1) —n Bay (1 =1 7) — Bam1
( since v = 1—mny)

= (n®Bam +n Bam—1+ Bom) 7 — (n Baym + Bam—1)

= (n (n Bam + Bam—1) + Bam) 7 — Bam+1
( by definition of Baopmi1 )

= (n Bam+1 + Bam) 7 — Bam41

= 7 Bomy2 — Bomy
( by definition of Bomia ) .

Lemma 3.4 : If v = [0;7] is any fixed point of the Gauss map, where n € N,
then B3, (n2 + 4) = (Baog41 + ng,l)2 +4 , for every k € N .
Proof : For every k € N |

(Bak+1 + 321971)2 +4 = [n (Ba+2(Bak—2+ -+ B+ Bo))]2 +4
( by lemma 3.1 )

= n? [B3, +4Boy (Bak—z + -+ + Ba + By)
+ 4(sz72+"-+Bg+Bo)2]+4

= n? B3, +4n*Bo, (Bag—2 + -+ Ba + By)
+ 4n? (Bog_o+ -+ Ba+ Bp)? +4

= n? B3, +4n® (Bag—o+ -+ Bz + Bo)
[Bay + (Bag—2 + -+ + B2+ By)| +4

= n? B2, 44 Bogi1 Bop_1+4
( by lemma 3.1 )

= n?B3, +4[(Baks1 Bog—1) +1]

= n?BZ +4B3,
(by lemma 3.2 )

= B3, (n*+4) .



Now, we show that any odd power of v = [0;72], where n € N is a fixed point of
the Gauss map, also we give the continued fraction form of any odd power of
v = [0;7] in terms of its B,, .

Proposition 3.5 : If v = [0;7] is any fixed point of the Gauss map, where
n € N, then 2¢+1 = [0; Bop—1 + Bopy1 ] , for every k € N.

Proof : For every k € N |

2k+l = 5 Bop — Bar1

( by lemma 3.3 )

v

—n++vn?+4
= DBy <2> — Bag—1
. . —n++vn2+4
since v = [0; 7] = T

— (nBag, + 2Baj—1) + BapVn? +4
2

— [(nBQk + ng,l) + ng,ﬂ + B%k (TL2 + 4)
2

— (Bag+1 + Bag—1) + \/(BQkH + Bop_1)” + 4

2
( by definition of Bog+1 , and lemma 3.4 )

= [0; Bagg1 + Bok—1 | -

Example

We used Mathematica to calculate few of the B,, of o = [0;§ ]7 shown in the
third and the fourth columns. Also, we calculated few of the odd powers of
o = [0;3 ], shown in the second column in a continued fraction form.

We notice that the entries of the continued fractions in the second column are
the same as the numbers in the fifth column, as proved in proposition (3.5) .

k a?ktl Bak+1 Bak—1 Bag41 + Bag—1
2 o’ = [0;393 | 360 33 393
3 o = [0;4287 | 3927 360 4287
10 | ®' = [0;78788080764 | | 72171863277 | 6616217487 | 78788080764




4. Even powers of the fixed points of the Gauss map

In this section, we show that any even power of any fixed point of the Gauss
map is an inverse image of a specific 2-cycle.

More precisely, we show in proposition (4.5), that if v = [0;7 ], where n € N,
is any fixed point of the Gauss map, then for every k € N, we have y?* =

[O; (Bak + Bag—2 —1),1,(Bag + Bag—2 — 2)}

But first, we present three easy lemmas which are helpful for the proof of propo-
sition (4.5) .

Lemma 4.1 : If v = [0; 7] is any fixed point of the Gauss map, where n € N,
then By =n [ng,1 + Bop_3+ -+ Bl] + 1, for every k € N .
Proof : Similar to the proof of Lemma (3.1) .

Lemma 4.2 : If v = [0; 7] is any fixed point of the Gauss map, where n € N,
then (Bay Bak—2) — 1= B3, , for every k € N .
Proof : By induction

e The case k =1, note that By =1, By =nand By =n®+1.
We want to show that (By By) — 1= B? .

(B: Bo)—1 = (1 (n®+1))—1

- B2,

e Suppose that the statement is true for k =m .
That iS7 (Bgm Bgm,Q) —1= B%mfl .

e Now, we prove that the statement is true for the case k =m +1 .
We want to show that (Bami2 Bom) — 1= B3, -

(Bam+2 Bam) —1 = Baoy (n[Bams1 + Bam—1+ Bap—s +---+ B1]+1) -1
( by lemma 4.1)

N Bopmy1 Bom + 1 Bam—1 Bop
+ Bgmn[(Bmeg-I--l-Bl)-l-l]—l

n Bam (N Bam + Bam—1) + 1 Bam—1 Bam
+ (BQ'rrL BQm—2) -1
( by definition of Bamt1 , and lemma 4.1)

= TL2B%m + 2n Boy—1 Bom + B%mfl
( by induction step )

= (n Bam + Bam-1)? = B34,
( by definition of Baomt1 ) -



Lemma 4.3 : If v = [0; 7] is any fixed point of the Gauss map, where n € N,
then B%,%l (n2 + 4) = (Bar + ng_g)Z — 4, for every k € N .
Proof : For every k € N,

(Bak + sz—2)2 —4 = (n Bop_1+ 2sz—2)2 —4
( by definition of Bay )

= n®Bj,_, +4n B 1Bop 2 +4B3;,_, —4
= n°B3,_, +4[n Bag 1Bor o+ B3, 5 — 1]
= n2B§k_1 + 4 [Bag—2 (n Baog—1 + Bap—2) — 1]

= n’Bj_, +4[(BawBax—2) — 1]
( by definition of Bay )

= n°Bj_ +4B%
( by lemma 4.2)

= B%k_l (n2+4) .

Corollary 4.4 : If v = [0;72] is any fixed point of the Gauss map, where
n €N, then B3, (n?+4) = (Bay, + Boy—2 — 2)> +4 (Bay, + Baj—2 — 2) , for
every k € N.

Proof : For every k € N,

(Bog + Bog—o — 2)> + 4 (Bak + Bog_o — 2) = B2, + 2BoyBog—2 + B3, o — 4Boy,
—4Boy_o + 4 +4Bg +4Bg;_9 — 8

= ng + 2Bo Bog 2 + ng_g -4
= (Bog + Bag_2)” — 4

= B3, (n*+4)
(by lemma 4.3 ) .

Proposition 4.5 : If v = [0;72] is any fixed point of the Gauss map, where
n € N, then 2% = [0; (Bak + Bag—2 — 1), 1, (Bar + Bak—2 —2)] , for every

keN.
Proof :

(Bak, + Bog—2) — Bap—1Vn? +4
2 b

First we use induction to prove that 72* =

for every k € N.



e The case k=1, note that By =1, By =nand By =n®+1.

2
5 (—n+\/n2+4> 2n2+4—2nvn2 +4

= 2 1

n?+2—nyn?+4  (By+ By) — Bivn?+4
2 2

e Suppose that the statement is true for k =m .
(Bam + Bam—2) — Baym—1vn? 44
5 .

e Now, we prove that the statement is true for the case k =m + 1 .

2m+2 _ (BQM+2 + B2m) - B2m+1\/m
B) .

That is, v*™ =

We want to show that v

2 . 2m <n2+2—n\/”2+4> <B2m+32m2—32m1 ﬂ2+4>
2 2

(n? 4 2) (Bam + Bam—2) + nBap—1 (n? +4)

4
[n (Bam + Bom—2) + (n? + 4) Bay—1] Vn? +4
1 )

Now, note that (n2 + 2) (Bam + Bam—2) + nBapy—1 (n2 + 4) .
= n282m + n2B2m,—2 + 2BQm + 232771—2 + TLBBQm,—l + 4nBQm—1
= n2Bay, +n? (nBam—1 + Bam—2) + 2By, + 4nBay 1 + 2Bap o

= 2 (n®Bam + 2nBam—1 + Bom + Bom—2)
( by definition of Bay, )

= 2 [n (nBZm + B2m—1) +nBoy—1 + Baom + B2m—2]

= 2(nBam+1 +2Bam)
( by definitions of Bay, and Bamia )

= 2 (nBQm-i-l + Boy, + B2m)

= 2(Bamy2 + Bam)
( by definition of Bomta ) .



Also, note that n (Bay, + Bam—2) + (n2 + 4) Bom—1

nBam 4+ nBam—2 + n?Bam—1 + 2Bay_1
= nBam +n(nBam—1 + Bam—2) + 2Baym—1

= 2TLBQ77L + 2B271’L—1
( by definition of Bam )

= 2(nBam + Bam—1) = 2Bam41
( by definition of Bami1 ) -

2m+2 _ (BQerQ + BZm) - BZm+1 n2 +4
B) .

Therefore, ~
Finally, for every k € N, we have ¢

(Bak + Ba—2) — /B3, 1 (n? +4)
2

[(Bak + Bog—2 —2) +2] — \/(sz + Bog—3 — 2)? + 4 (Bak + Bap—o — 2)

2
( by Proposition (4.4) )

[0; (Bok + Bag—2 — 1) ,1,(Bag + Bag—2 — 2)}

<since (s+2)*2 S s = [0;(s+1), 1,s] ) .

Example

We used Mathematica to calculate few of the B,, of & = [O;§ ], shown in the
third and the fourth columns. Also, we calculated few of the even powers of
a= [O; 2 ], shown in the second column in a continued fraction form.

We notice the relation between the entries of the continued fractions in the sec-
ond column and the numbers in the fifth column, as proved in proposition (4.5) .

k ok Boy, Boy_o | Bog + Bop_o — 2
2 ot = [0;33, 1,32 | 29 5 32

3 af = [0;197, 1,196 | 169 29 196

10 | o® = [0;45239073, T,45239072 | | 38613965 | 625109 45239072

10



Conclusions

Let v = [0;7 ] be any fixed point of the Gauss map, where n € N, then :

1. 42+ = [0; Bog—1 + Bak+1] , for every k € N.

Any odd power of any fixed point of the Gauss map is also a fixed point.

2. 42k — [O; (Bog + Bog—2 — 1), 1, (Bap + Bop_2 — 2)| , for every k € N.

Any even power of any fixed point of the Gauss map is an inverse image
of a specific 2-cycle.
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