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Abstract

We show that if v is a regular Laguerre-Hahn form (linear functional), then the
symmetric form u defined by the relation xou = —Av where ou is the even part of
u, is also regular and Laguerre-Hahn form for every complex A\ except for a discrete
set of numbers depending on v. We give explicitly the recurrence coefficients and the
structure relation coefficients of the orthogonal polynomials sequence associated with
u and the class of the form u knowing that of v. Finally, we apply our results to the
associated form of the first order for the classical polynomials.
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1 Introduction and preliminaries

In many recent papers, different construction processes of Laguerre-Hahn orthogonal poly-
nomials (O.P) grow from well known ones, particularly the associated of classical ones. For
instance, we can mention the adjunction of a finite number of Dirac’s masses to Laguerre-
Hahn forms [1,6,7], the product and the division of a form by a polynomial [3,4,7,10,11].
The whole idea of the following work is to build a new construction process of a Laguerre-
Hahn form, which has not yet been treated in the literature of Laguerre-Hahn polynomials.
The problem we tackle is as follows:

We study the form wu, fulfilling zou = —Av, X # 0, (u)2,+1 = 0, where ou is the even
part of u and v is a given Laguerre-Hahn form.

This paper is arranged in sections : The first provides a focus on the preliminary results and
notations used in the sequel. We will also give the regularity condition and the coefficients
of the three-term recurrence relation satisfied by the new family of O.P. In the second , we
compute the exact class of the Laguerre-Hahn form obtained by the above modification and
the structure relation of the O.P. sequence relatively to the form u will follow. In the final
section, we apply our results to some examples. The regular forms found in the examples
are Laguerre-Hahn of class § € {2,3}.

Let P be the vector space of polynomials with coefficients in C and let P’ be its dual.
We denote by (v, f) the action of v € P’ on f € P. In particular, we denote by (v), :=
(v, ™) ,n > 0, the moments of v. For any form v and any polynomial h let Dv = v, hv, d,,
and (x — ¢)~1v be the forms defined by: (v, f) := — (v, f'), (hv, f) = (v, hf), (S, f) :=

f(@) = f(c

f(c), and ((z — ¢) 7', f) == (v,0.f) where (6.f)(z) = T C€ C, feP.

X

Then, it is straightforward to prove that for f € P and v € P/, we have
(=)  ((z = e)v) = v — (v)ode , (1)

(@=)((@-c) ') =v, (2)
(fo) = flo+ fo'. (3)
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We also define the right-multiplication of a form by a polynomial with
Th(@) = €h(E)\ N (v N o
(vh)(z) == <Uv 1‘7_5> = Z (Z aj(v)j_m)x , h(z) = Zajxj.
m=0 j=m j=0
Next, it is possible to define the product of two forms through
(uv, f) = (u,vf), wveP, feP. (4)

Let us define the operator o : P — P by (o f)(z) := f(2?) . Then, we define the even
part ov of v by (ov, f) := (v,0f).

Therefore, we have [9]

(@3

f(@)(ov) = a(f(z*)v) , (5)

(ov)n = (V)2 ,m > 0. (6)

The form v will be called regular if we can associate with it a sequence {5y, }n>0 (deg(S,) <
n ) such that

D

<UaSnSm>:rn5n,m7 n,m >0, 71717&07 n>0.

Then, deg(S,) = n, n > 0, and we can always suppose each S, monic (i.e. S,(z) =
™+ ). The sequence {5, },>0 is said to be orthogonal with respect to v. It is a very well
known fact that the sequence {S,},>0 satisfies the recurrence relation (see, for instance,
the monograph by Chihara [5])

Sp2() = (T = §nt1)Snt1(®) — ppy1Su(z), n >0, (7)
S1(.13)=.’L‘—£0, So(.l?):1.

with (&, pnt1) €C xC—{0}, n>0. By convention we set pp = (v)o = 1.
In this case, let {S,(LI) }n>0 be the associated sequence of first kind for the sequence {S,, }»>0
satisfying the three-term recurrence relation[5]
Syta(®) = (0 = €n42)S, 1 () = puiaSi () ;0 20, ®)
sy =26, S@=1, (8% (@)=0).
Also, let { Sy, (., ) }n>0 be co-recursive polynomials for the sequence {S), },>o satisfying [5]
S(x, 1) = Sn(w) — pSLYy . n >0, (9)

A form v is called symmetric if (v)2,4+1 = 0,n > 0 . The conditions (v)2p+1 = 0,n > 0
are equivalent to the fact that the corresponding monic orthogonal polynomials sequence
{Sn}n>0 satisfies the recurrence relation (7) with &, = 0,n > 0 [5,9].

Proposition 1.1 [9] When the form v is symmetric, then v is reqular if and only if ov
and xov are reqular.

Let v be a regular, normalized form (i.e. (v)o = 1) and {S,}n>0 be its corresponding
sequence of polynomials. For a A € C*, we can define a new symmetric form u as following;:

(Waon+2 = —=A(W)n, (w)2n41 =0, (u)o=1, n=>0. (10)

Equivalenty,
Tou = —Av, o(zu) =0. (11)

From (1) and (11), we have
ou=—-\r" v+ . (12)
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Proposition 1.2 The form u is reqular if and only if X # A,,m > 0 where A\, =

S (0)
S:1(0)°
Proof. We have u is symmetric form. Then, according to Proposition 1.1. u is regular if
and only if zou and ou are regular. But xou = — v is regular. So u is regular if and only if
ou = —Ax~lov+dp is regular. Or,it was shown in [10] that the form —A\z~1v + d is regular
if and only if A # 0, and S,,(0,A) # 0 ,n > 0. Then, we deduce the desired result. 0

Remark. If w is the symmetrized form associated with the form v (i.e. (w)a, = (v), and
(w)apt1 =0,n >0 ), then (10) is equivalent to z?u = —Aw. Notice that w is not necessarily
a regular form in the problem under study. In [3, 8], the authors have solved it only when
w is regular.

When u is regular let {Z,,},,>0 be its corresponding sequence of polynomials satisfying the
recurrence relation

Zn+2(33) = xZn+1(l‘) - 77L+1Zn(-73) , n=>0,

Zi@) =z, Zo(z)=1. (13)

Since {Z,, }n>0 is symmetric, let us consider its quadratic decomposition [5,9]:
Zon(x) = Po(2?),  Zopy1(z) = 2R, (2?) (14)
Zoy) (2) = B (2%, =), Zinla(2) = oPD(a?) (15)

The sequences {P,},>0 and {R,}n>0 are respectively orthogonal with respect to ou and
Tou.

From (11), we have

R,(x) =8,(x), n>0. (16)
Proposition 1.3 We may write
M ==X, Vnt2=0n, Y2ni3 = pZ:1 , n>0 (17)
where
anw, n>0. (18)

Proof. Using (11) and the condition (u, Zs) = 0, we obtain y; = —A\.
From (8) and (13) where n — 2n and taking (15)-(16) into account, we get

Sni1 (2%, =) = 2251 (2) = Y2nr2Sn (22, —m) -

Substituting x by 0 in the above equation, we obtain vo,, 12 = ay.
From (13), we have

<u, ZZ2n+2> <u, Z22n+3> _ <u, Z§n+3>

s (u, 23, 11) (u Z3p40) - (u, Z3,41) 1)

Using (14), (11) and (7), equation (19) becomes
Y2n+272n+3 = Pn+1, (20)
then we deduce vop, 43 = Prtl . 0

an
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Corollary 1.4 When the form v is symmetric, then u is reqular for every A # 0. More-
over,

M= = A
_ 1 N Dok
Yan+3 = —Van4+4 = H B (21)
Yan+5 = —Vdn+6 = P2 +2kl_[0p2 +1
Proof. Taking into account (7)-(8), with &, = 0, we get S, 42(0) = —pp+15,(0) and
57(11—22(0) = _pn-&-QS?(“Ll)(O)- Then,
Sgn+1(0) =0 s SQn—i—Q( n+1 H P2u+1 5 n > 0 5 (22)
Sins1(0) =0, S3,.)(0) = H pr, n>0. (23)

Therefore, So,41(0,\) = f)\SéiL)(O) # 0 and So;,42(0, A) = Sa2,4+2(0) # 0. Hence u is regular
for every A # 0 according to proposition 1.2.
From (22)-(23), (17) becomes (21). 0

2 The Laguerre-Hahn case

Definition 2.1 [2] The form v is called Laguerre-Hahn when it is reqular and satisfies
the Riccati equation

®(2)S" (v)(2) = B(2)S?(v)(2) + Co(2)S(v)(2) + Do(2), (24)

where ® monic , B , Cy and Dy are polynomials and S(v)(z) designes the formal Stieltjes
function of the form v defined by:

S)(e) = -3 W (25)
n>0
It was shown in [6] that equation (24) is equivalent to
(®(x)v) + ¥(z)w + Bz~ w?) =0 (26)
with
U(z) = —9'(z) — Co(x). (27)

Remark.[2] When B = 0 in (24) or (26), the form v is semiclassical.
Proposition 2.2 [2] Define d = max (deg(®), deg(B)) and p = deg(¥).
The Laguerre-Hahn form v satisfying (26) is of class s = max (d — 2,p — 1) if and only if

[T {12 () + ¥(e)| + |B(e)| + | (v, 62 + 0.9 + v000.B)|} # 0, (28)
ceZ

where Z denotes the set of zeros of ®.
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Corollary 2.3 [2] The form v satisfying (24) is of class s if and only if

[T (Co(e)l + [B(e)l + Do(e)]) # 0. (29)

ceEZ

Proposition 2.4 If v is a Laguerre-Hahn form and satisfies (24), then for every \ €
C — {0} such that A # A\p,n > 0, the form u defined by (10) is reqular and Laguerre-Hahn.
It satisfies } } 3 ~

®(2)8" (u)(2) = B(2)S*(u)(2) + Co(2)S(u)(2) + Do(2), (30)
where ~ -
D(2) = 20(22), B(z) = —2A"123B(2?),

2) = 22204(2%) — ®(2?) — 4A"122B(2?), (31)
z) = —22(ADo(2%) — Co(2?) + A7'B(z?)),
and u is of class § such that § < 2s+ 5.

G
Dy(

Proof. From (11) and (25), we have
S()(z*) = =2A71S (u)(2) = A7 (32)

Make a change of variable z — 22 in (24), multiply by —2\z and substitute (32) in the
obtained equation, we get (30)-(31).
The form wu satisfies the distributional equation

(®(x)u) + Vu(z) + Bz 'u?) =0, (33)
where ® and B are the polynomials defined by (31) and
U(z) = - (x) — Cy(x) = 202U (%) + 4N 122 B(a?). (34)
Then, Qeg(i)) <2s+5, deg(?) < 25+ 7 and deg(¥) = P < 254 6.
Thus, d = max (deg(®),deg(B)) < 2s+ 7 and § = max(d — 2,p — 1) < 25+ 5. 0
Proposition 2.5 The class of u depends only on the zero x =0 of .

Proof. Since v is a Laguerre-Hahn form of class s, S(v)(z) satisfies (24), where the poly-
nomials ®, B, Cy and Dy are coprime. Let ®, B, Cy and Dy be as in Proposition 2.4.
Let ¢ be a zero of ® different from 0, this implies that ®(c?) = 0. We know that |B(c?)| +
[Co(c®) + [Do(c*)| # 0
(1) if B(c®) # 0, then B(c) # 0,
(2) if B(¢?) =0 and Cy(c?) # 0, then Cy(c) # 0,
(3) if B(CQ) = Co(cz) =0, then Do(c) # 0, whence |B(c)| + \C’o(c)\ + |ﬁo(c)| 0. 0O
Concerning the class of u, we have the following result.

Proposition 2.6 Let t =deg(P), r =deg(B) and p =deg(¥). Under the conditions of
Proposition 2.4., for the class of u, the following four different cases hold:
1) If ®(0) # 0, then

2s+5 difr>p t<r+4+1,
5— . (35)
2s +3 otherwise .
2) If ®(0) = 0 and X = ADo(0) — Co(0) + A"1B(0) # 0, then
2s+4 ifr>p t<r+1,
§= . (36)
25+ 2 otherwise .
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3) If ®(0) = X =0 and Y = 2C,(0) — 4A~2B(0) — ®'(0) # 0, then

2s4+3 ifr>pt<r+1.
5= . (37)
2s+1 otherwise .
4)If®(0) =X =Y =0, then
~ 2s+2 difr>p t<r+4+1,
5= 2s otherwise . (38)

where the polynomials ®, B, Cy and Dy are defined in (24)

Proof. 1) If ®(0) # 0, then from (31) we obtain C(0) # 0. Therefore, it is not possible to
simplify. From (31) and (34), we have

deg(®) = 2t + 1, deg(B) = 2r 4+ 3 and p := deg(V¥) < max(2p + 2,2r + 2).

We will distinguish two cases:

(a) p<r,then p=2r+2and § =max(2t—1,2r+1). Ift <r+1, then § =2r+1 = 2s+5.
Ift>r+1,then s=2t—1=2s+3.

(b) p>r, then p=2p+2 and § = max(2t — 1,2p+ 1) = 25 + 3.
Thus, from the above situation, we deduce (35).
2) If ®(0) = 0, then from (31) we have B(0) = Cy(0) = Do(0) = 0, therefore (30)-(31) is
divisible by z. Thus, u fulfils (30) with
B(z) = B(22), B(z) = —21"122B(z?),
Co(z) = 2(2Co(2?) — AAT'B(2?) — (00®)(2?)) (39)
Do(2) = —2ADy(22) + 2Co(2?) — 2A~1B(2?) .

Whether ADg(0) — Cy(0) + A~ B(0)) = X # 0, it is not possible to simplify, which means
that the class of u verifies (36).

3) If (0) = X =0, then it is possible to simplify (30)-(39) by z. Thus, v fulfils (30) with

(2) = 2(60®)(2?) , B(z) = —2A712B(2?),
0(2) = 2C0(2%) — 44X "' B(2%) — (60®)(2°) , (40)
0(2) = =2z(6p(ADy — Co + A7'B))(2?) .

T O B

’

Therefore, if 2C,(0) —4X"1B(0) —® (0) = Y = 0, it is not possible to simplify, which means
that the class of u verifies (37).
4) If ®(0) = X =Y = 0, then it is possible to simplify (30)-(40) by z. Thus u fulfils (30)
with
®(2) = (0p®)(2?), B(z)=—-22"1B(z?),
Co(2) = 2(00(2Cy — AX"'B — 6,2))(2?) , (41)
Dy(z) = =2(60(ADy — Co + A71B)) (2?) .
Assuming that ®(0) = &'(0) = 0, then from the condition ¥ = 0 we obtain Cy(0) =

2071 B(0). Thus from the last result and the condition X = 0, we get Dy(0) = A~2B(0). So
that, in this case we have B(0) # 0, since v is Laguerre-Hahn of class s and so satisfies (29).
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Then, it is not possible to simplify (30)-(41) since B(0) # 0, which means the class of u is
(38). O
Remarks. 1. As a consequence of Proposition 2.6, we have:

(i) The symmetric Laguerre-Hahn linear functional u of class § = 1 appears if and only if the
linear functional v is Laguerre-Hahn of class s = 0 with ®(0) = AD(0)—C(0)+A"1B(0) =0
and 2C,(0) — 4X"1B(0) — ® (0) # 0.

(ii) The symmetric Laguerre-Hahn linear functionals u of class § = 2 and § = 3 appear not
only when the linear functional v is Laguerre-Hahn of class § = 0 but also when s = 1 under
some conditions satisfied by ®, B and C.

2. Unfortunately, we are not able to describe all the symmetric Laguerre-Hahn linear func-
tionals of classes 2 and 3, especially because we still don’t know the nonsymmetric Laguerre-
Hahn linear functionals of class § = 1 [2] (Some examples considered in Section 3).

Note that the sequence of orthogonal polynomials (OPS) relatively to a Laguerre-Hahn
form has a structure relation [2,6]. Then, if we consider that the form v is Laguerre-Hahn,
its OPS {S,, }»>0 fulfils the following structure relation

®(2)S!, () — B(z)Sy" (z) =

5 (Ca (@) = Col)) Su1(2) — pu 1 D1 (@)Sux) , m >0,

(42)

with
Cn+1(x) = _Cn(m) +2(z — §n>Dn(m)

Pr1Dny1(z) = =@(x) + ppDp1(x) ,n >0, (43)
—(2 = &)Cn(x) + (x = pn)* Dy ()
where Cy(x) and Dg(x) are the same polynomials as in (24) .
Notice that doD_1(z) = B(x),deg Cp, < s+ 1 and deg D,, < s,n >0 [2].
According to proposition 2.4, the form w is also Laguerre-Hahn and its OPS {Z,,},,>0 sat-
isfies a structure relation. In general, {Z, },>¢ fulfils

®(2)2} 1 (x) — B(a) 2" (2) =

n

1, (44)

5(0n+1($) — Co(2)) Zn11(2) = W1 Dny1(2) Zn(x) ,n >0,

with

{ Va1 Dns1(2) = =®(2) + 9 Dn-1(2) — 2Cy(2) + 2* Dy (), (45)

Cn+1(x) = _Cn(l') + Qan(iL'), 1 > Oa
where Co(z) , Do(x) are given by (31) and yoD_,(z) = B(x).

We are going to establish the expression of C,, and D,, , n > 0 in terms of those of the
sequence {Sy tn>0.

Proposition 2.7 The sequence {Z,}n>o fulfils (44) with (forn >0)

Cony1(z) = ®(a?) + 22°Cr(22) + 47201122 Dy (27) (46)
Dony1(z) = 223D, (22).
éQnJrQ(x) = —®(2?) + 2220, 11 (2?) + 422y25 42Dy (22), (47)
Dopyo() = 20v2n 42D (22) + 22¥2n 13Dy 1 (22) + 20C, 11 (22)

Co(z) and Do(x) are given by (31) and vp41 by (17).
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Proof. Change + — 2%, n — n — 1 in (42) and multiply by 223, we obtain by taking
(14)-(16) and (31) into account,

() Zonar (@) = Bla) 2. (2) = {2(Cn(a) = Co(a?) + 2271 B(a)
+ d(x }Z2n+1 (1) — 2pp 22Dy (2%) Zon_1(x), n>1.
Using (13) and (17) where n — 2n — 1, the last equation becomes
&(2) Zop 41 (@) — B(w) Z$) () = {22 (Cn(22) — Co(22) + 2A 2 B(22) + 272041 Dy (22))
+ ®(x }Zg,H_l ) — 2994123 Dy (2%) Zop (x), n > 0.

From (44) and the above equation, we have for n > 0

{C*W(x) — Co(x)
2

= Xn(x)} Zont+1(T) = Y2n+1 {D2n+1 - Yn(x)} Zon(z)

with

X, () = (Cn(2?) — Co(2?) + 2v2n41Dn(2?) — 2X 71 B(a?)) 2% + ®(a?)

and Y, (z) = 223D, (2?).

Zon+1 and Zs, have no common zeros, then Zs, 1 divides Y, (z) — D2n+1(x), which is a

polynomial of degree at most equal to 2s + 5.

Then, we have necessarily Yy, (z) — Dopyi(z) = 0 for n > s + 2, and also X,(z) =

Con1(7) 700(:8), n > s+ 2. Therefore, Copyi(x) = 2X,(z) + Co(x) and Doyyy =

2
Y,.(x), mn > s+ 2. Then, by (31), we get (46) for n > s + 2. By virtue of the recur-
rence relation (45) and (31), we can easily prove by induction that the system (46) is valid
for 0 < n < s+ 2. Hence (46) is valid for n > 0. Finally, from (45) and (46), we give (47).
U

Remark. In the Laguerre-Hahn case, the polynomials C,, and D,, of (46)-(47) enable to
obtain the coefficients of the fourth-order differential equation satisfied by each Z, , n > 0.
See, for instance [6, page 90].

3 Examples

In the next examples, we apply our results to the associated form of the first order for the
classical polynomials.

Example 3.1 Let v be the associated form of the first order of Hermite. Here [6,7]
2n+3
2 )

O(x)=1, ¢x)=2z, B(x)=-1,
D,(z)=-2, Cyz)=—2z.

pant1 =n+ 1, ponyo = n >0, (48)

(49)

In this case, the form v is a Laguerre-Hahn form of class s = 0 and from the Corollary 1.4.
w s regular for every A # 0.
From (18), (21) — (23) and (48), we obtain

2AT'(n + 2)
Aop = —F=—
T VC(n + 1)
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and (21) becomes

Yan+1 = —Van+2 = —A2n ,
n+1 (51)
Yan4+3 = —Van+d = , n>0.
a2n

Taking into account that the form v is Laguerre-Hahn and by virtue of Proposition 2.4 and
Proposition 2.6, the form u is Laguerre-Hahn of class § = 3. It satisfies (30) and (33) with

{ B(z)=x, U(z)=4z*—4x"'2?, B(z)=21"1a%, (52)

Co(x) = —da* +4X 22 — 1, Do(z) = —42% + 22 + 2 Dz .

Finally, from (49), (51) and Proposition 2.7 we give the element of the structure relation of
the sequence {Z,,}n>0 forn >0

Co(x) = —4a* + 41122 -1,

C~'4n+1(x) = —da* + 8agnx? + 1,

Cinpo(r) = —4a* — 8agnz? — 1,

~ 8 1

Cunta(z) = —da* — Mﬁz +1,
a2n

= 8 1

Cinia(z) = —4a* + sz -1,

~ a2n

Dy(z) = —4a® + 22 + A Yz,

- n+1

D4n+2 = 74.%3 — 4(a2n + a ).Z‘ s

_ ~ 2n

D4n+1($) = D4n+3($) = —4a? )

~ n+1

Dynya(x) = —423 + 4(agn 12 + " )

2n

Example 3.2 Let v be the associated form of the first order of Laguerre. Here [6,7]

1 =m+2)(a+n+2), & =2n+a+3, n>0 (53)
@) =w, $a)=r—(a+3), Bl)=—(a+1), -
Dp(z)=-1, Cyulz)=—-z+a+2n+2, n>0.
We assume a(a+ 1) # 0 then v is a Laguerre-Hahn form of class s = 0.
From (7),(8) and (53), we have by induction
2Tla+n+2)—T(n+2)T'(a+1)
_(_ >0.
52(0) = (1) et nz0 (55)
" D(o+n+3) = T(n +3)l(a+2)
(1) —(_1\n a+n+93)—1L(n+ o+ >
Sp(0) = (=1) oT(a+2) , n=0. (56)
(9) and (55) — (56), give
(0,0 = S () (57)

al'(a+2) ’ -
where

bo(,\) = (a+ X+ 1D (a+n+2) -1+ NI(n+2)T(a+2), n>0. (58)
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Then, u is regular if and only if

A #£0 and
ol (a+n+2)
£ —1— >0.
7 Tlatnt2) -Tm+2l@rt2)’ =
From (18) and (57), we have
bn+1(a7)‘)
"= ey "0
Using (17) and (60), we obtain
"= =A ’
_ bn+1(Oé,A)
T e
b (a, N)
i = (n+2 p) I LV
Y2n+3 (7’L+ )(a+n+ )bn_i_l(Oé,A) n

10

(61)

According to Proposition 2.4, the form u is Laguerre-Hahn . It satisfies (30) and (33) with

=X ,
B(z) =22 (a+1)2? ,

Co(x) = —223 + <2a +3+ 42" Ha+ 1)>x ,

Do () = —2a2 +2</\+ 1+ (a+1)(1 +)\—1)> .

From (54), we have
3(0) =0,
X=-21'A+1)A+a+1),

Yy =x1 ((2a + 3N+ 4(a+ 1)) :

Now it is enough to use Proposition 2.6 to obtain the following

(1) If X satisfies (59) and XA & {—1, —a — 1}, then the class of u is § = 2.
1
(2)Ifxe{-1,—a—1} and \ # 74%, then the class of u is § = 1.

d(z) =22, U(z)=225— (3 + 222" 4 1) (a + 1)>x

)

(62)

Remark. The symmetric Laguerre-Hahn forms of class s = 1 have been described in [2] .

Finally, from (54), (61) and Proposition 2.7 we have for n > 0

Co(x) = —22° + <2a—|— 3+ a+1) |z,

A+1I'(n+2)I'(a+2)
by, \) )

C’gn_,_l(z) = —2z% 4+ (2a +1+4+4a

N _ os A
Conta(x) 2x (2a +1+4a Y

Do(z) = =222 + 2(A +1+(a+1)(1+ A1)>,
D2n+1(x) = —2%2 )

n+2

A+ D(n+2)T(a+ 2)) .

)

1

Donyo = =222 + 20X + 1)T'(n + 2)I'(a + 2) ( -

bn+1(aa )‘) bn(av>‘)

)
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Example 3.3 Let v be the associated form of the first order of Bessel. Here[6,7]
1—-46

f”:(n+a)(n+a+1) ’ (63)
o (n + 2)(n + 20) o0
Pl T T+ 0) +3) 2+ 0) + Dn+ o+ 12 =
O(x) =22, V(x)=-20+1)z— 2% ,
20 — 1
B = ") (o)

D,(x)=2(0+n)+1,

6—1
C’n(x):2(n+9)x+2m, n>0.

We assume (20 — 1) # 0, then v is a Laguerre-Hahn form of class s = 0.
By applying the same process as we did to obtain (57)-(58) and using the above results, we

can get

271,
Sua(0) = wl®N sy (65)

T(20+2n+1)°
where for n >0
cn(0,0) = (20 — 1 — M0(260 + 1))T(260 + n) + (—=1)™ (1 + A0(20 + 1)['(n + 2)I'(26)).  (66)
Then, u is reqular for every X\ # 0 such that
1 I'(20 +n)

A — +2 (67)
0D 9p 41 (F(29 +n) = (~1)"T(n + 2)F(29)>
Using (17) and (65), we obtain
M=-A,
B (n+20)(n + 2)cn (6,0
P T G+ 1)(20+ 20+ 3)na1 (6,0) (6%)

_ Cn+1(03 )‘) n
Tt T g 1) (20 4 20+ 1)en(0,0)
By virtue of Proposition 2.4., the form w is also Laguerre-Hahn . It satisfies (30) and (33)
with

>0.

- ~ . 0—1 20 — 1
_ 4 - _ 3 _
O(x)=a*, U(x)=-—(40+3)z 4( 7 + )\92(29+1))x,
i %1

@) =2 e )”

- 6-1 201 (69)
— (4 — 143
Co(z) = (40 — 1)a® + 4 7 +/\92(29+1))x,
~ 20 —1 0—1
— 4022 _
Do(z) = 46z +2(W(29+1) +2— /\(20+1)) .
From (64), we have
B(0)=0,
1 20 —1
_ )1 _
X=X (29H)(A+0(29+1)>(A 9(29+1)>’

0—1 20 — 1
Y =47 (“o(en(zoﬂ) '
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Now, it is enough to use Proposition 2.6 to obtain the following:

(1) If X\ satisfies (67) and A & {_0(201+ s 9(2200;11)

}, then the class of uw is § = 2. (2) If

1 20— 1 20 — 1 L
P {—9(29+1),9(20+1)} and)\#—m, then the class of u is § = 1.

Again, from Proposition 2.7 we have for n > 0

W s (61 201
Co(z) = (40 — 1)z +4< 7 +/\92(20+1) z,

027L+1(1' ( (0 + n) =+ 1)

( 20 —1— X\0(20 + )>F(20+n)(1)"(1+A9(29+1)>F(n+2)1“(29)
n(0,0) )‘T

Conia(z) = (460 + 4n + 3)z®

<29 12020 + 1)) 0(20 +n) — (—1)" (1 T 0(20 + 1)> [(n + 2)0(26)
B 4( en(0,0) )I ’
20 —1 01

_ o B
Do(x) = 402 +2<>\92(20+1)+2 7 A(20+1))7

D2n+1(.’L’) = 2(2(9 + n) + 1)%2

Dansa(z) =4(0 + n+ 1)z + 2(29 —1—X0(20 + 1))r(29 +n) ( 20+ n ! )

CTL+1(07A) - c’ﬂ(ev/\)

+m—n"<yaw@9+n>ﬂn+ﬂraw<cfifxy+c(;M>'

Example 3.4 Let v be the associated form of the first order of Gegenbauer. Here[6,7]

dn+1(n+a+1)

Pen41 = ’
(4n + 2a+ 3)(dn + 2+ 5) (70)
_ (2n+3)2n+2a+3) >0
p2m_2_(4:71—1—204—&—5)(4n—|—2o¢—|—7)7 et
Bo)=a? 1, W)= -2a+2a, Bl)= ol -

Cp(x)=2(n+a+ 1)z, Dup(x)=2n+2a+3, n>0.

We assume 2ac+ 1 # 0, then v is a Laguerre-Hahn form of class s = 0. From the Corollary
1.4., u is regular for every A # 0.

From (18), (21) and (70), we obtain

2020+ 3)T(n + 3)I(a+n+ 3 (e + 1)

2n = , n>0 72
7 VH(An+ 20+ 3)0(n+ D (a+n+ DT (a+ 3) (72)
Yan+1 = —Van+2 = —A2n ,

4n+1)(n+a+1 73
Yan+3 = —VYan+4 = ( )( ) n > 0 ( )

(4n + 2a+ 3)(4n + 2a + H)agy,
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According to Proposition 2.4. and Proposition 2.6., the form w is Laguerre-Hahn of class
§ = 3. It satisfies (30) and (33) with

P 42a + 1
O(x) = 2 -z, U(x) = —4(a+ 2)334 + )\((22——::3))1.2 )
) =
ety ( ) (74)
420+ 1
=(4 4 _ 24
Co(7) = (da + 3)x 2o 1 3) 41,
D 200+ 1
Do(z) = 4(a+ 1)z® — 2 (2
o=t ( ( a+3)+)\(2a+3)>
Finally, from Proposition 2.7, we have for n > 0
A 42a+1)
= (4 4 N2 0
CO($> ( o+ 3).1' )\(20& T 3) 41,

Cins1(x) = (8n + 4+ 5)zt — 4(4n + 20 + 3)agpa® — 1,
Cans2(z) = (8n + 4o + T)z* + 4(4n + 200 + 3)agnz® + 1,

m+1)(a+n+1) ,

Cin = (8n + 4o+ 9)zt + 16 -1,
ant3(z) = (8n + 4o+ 9)z* + (4n—|—2a—|—3)a2nx

(n+1)(n+a+1) 4

Cin =8n+4a+11)z* - 16 1

an+a(¥) = (Bn +da+ 1)z (4n+2a+3)a2nx +i

N 200+ 1

D =4 Dz — 2| A2 3 _

o(z) =4(a+ 1)z ( (20 + )+>\(2a+3)>$7

Dapy1(z) = 2(4n + 20+ 3)2?

~ +1)(a+n+1)

Dan — 4(2 228 — 24" ~(4n+2 N

4 +2(I) (TL+O£+ )I ( (4n+2a+3)a2n (TL+ a+3)a2 ) z,

Danys(x) = 2(4n 4 20 + 5)z%

dn+)(n+a+1)
(4n + 20 + 3)agn,

Dynia(x) =420+ a + 1)z — 2( + (4n + 2a + 7)a2n+2)> x .
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