Random Elementary Comments on Series, Virtual Integrals, and Contours
John Gill February 2015

Self-generating series (SGS) may be defined as follows:

9.(z)=z+n.9(z) , Z?]k<oo , (0(z)|<R & g.(z)eS for ze S
G (2)=9,(2) , G,(2)=g,(G,,(2)) .

G,(z)— G(z) under appropriate conditions. For example

Theorem (Gill, 2011): Let {g,} be a sequence of complex functions defined on S=(IzI<M).

Suppose there exists a sequence {p, }such that an < oo and
k=1

g,(2)—2|<Cp, if |z|<M.

Set CS:Ci:pk and R, =M-6>0. Then, forevery ze SOZ(|Z|<RO),
1

G, (z)=g, og, o0g(z) — G(z), uniformly on compact subsets of S, .

Virtual integrals (V1) were described in [1] : Begin with g, (2)=z+4, ,0(2), ., :l
n
(wherein general 0=y, <pu,  <---<p,, =1and Sup(,ukm —,uk_m)ﬁ 0,n—>o)
k

Given ¢(z) continuous on adomain §,and ze S = g, ,(z)€ §. Define

G..(2)=g,,G,_,(2)), G ,(2)=9,,(z) , which may be written

1 1 1 1
G,(2)=G,,(2)=z2 +;¢(z) +;¢(Gl,n(z)) +;¢(G2,n(z)) +- -'+;(P(Gn_1,n(z)), n—> o

Now, posit a function

1
w(zt) ,t€[0,1] and W(z,ka limg(G,,_,,.(2)), with Iw(z,t)dt defined :
n m—yco ’ 0

1
G, (2)—z= ly/(z,lj+lw(z,gj +lw(z,§)+---+lw(z,£] = jw(z,z)dt
n n n n n n n n 0



1
Under suitable conditions : ¥(z,t)=¢@(z(t)) :% and Il//(z,t)dt =z(1)—z(0) for a parametric curve
0

z(t) defined by the process described above. In practice an explicit form of z(t) occurs infrequently and

thus an explicit or even implicit form of the integrand cannot be obtained, although the integral’s value is
easily calculated. Games that can be played with virtual integrals include:

Gn(Z) =243 ¢7(Z):>G (2)=24—5 ¢>(Z)+ Z(D(GM(Z)H e =0(G, ()

6,0 (2)= 2422 gf2) 42 (G, () ++ 4 2 9(G, (2]
_11(0}12(1) 1n(n—1j
=z+— Y| z,— |+— VY| z,— |+ +— VY| z,—

n n n n n n n n n

1
= G,,(2)-z =~ [ty(zt)dt and
0

1 1 1 1
Jin(2)=2 +—k p(z)=G,, (2)=z+——@(z)+ —@(G, ,(2))+ - +——0(G,_, ,(2))
+n 1+n 2+n n+n

1 1

1 1
. G R E G
1 n %+ 1 ¢( l,n(Z)) n %+1 q)( n—1,n(Z))

—z4l. 11//29+l- 11// 8 PR 11//Zn_1
n it+1 ‘n) n 2+1 n n t+1 " n

1
1
= G, (2)-z = jmy/(z,t)dt

0

Images that follow are topographical, colors corresponding to moduli.



Example 1a: (SGS) gk(x+iy):x+iy+%(xCos(y)+inin(x)) or

. . 1 . .
X+, =X, , +1V, , +F(xk_1Cos(yk_1) +1y, ,Sin(x,,)). S,(2)=G,(z)-z .-10<x,y<10

Hybrid SGS+VI:
Deﬂne g;,n(z)=Z+(77k _luk,n)'¢)(z) ; G:,n(z)=Z+(ﬂ1 _/'ll,n)' ¢(Z) Y Glt,n(z)zglt,n (G;—l,n(z))

G;,n (z)=z+n¢(z)+ 772¢(G:,n (2))+-+ 77n¢(G;—1,n (2))
Thus |t P(2)+ 11,96, ,(2)+-++ 1, , AG, ,(2) |
=z + S,(2) - V,(2)



Example 1b: ¢@(x +iy)=xCos( y)+iySin(x)

. 1 1 . 1 .
G,.(2)=z+50(2)+ (G, (2))+ -+ 0(G,_, ,(2))
1 2 n

SR RO CRG IR O R AP RO

=z + 52 - V(2)

Example 1c: V, (z)= %qo(z) + %¢(G;n (2))+-- +%¢(G;n (2)), @(z)=xCos(y)+iySin(x)

Compare this (VI*) virtual integral with a “standard” virtual integral:



Example 1d : (V1) V (z) =%qo(z)+%¢(GL,,(Z))+---+%¢(G,,_Ln(z)) , 9(2) =xCos(y)+iySin(x),

Integrating a SGS into a virtual integral. Start with a SGS (and a more appropriate notation):

$,(2)= 2+, QD)+ 7,0(S,(2) ++1,9(S, ,(2)) — a(z). Define

V()= pl2) - gfS, () 4+ S, (2),  and

Z:(2)== gla(2) + gla(2)) +++- glalz)) = ple2)).

Then a routine ¢ -argument shows that V’(z) — ¢(a(z)) as n— o . All that’s required is

continuity of ¢ at appropriate values.



Example 2 : ¢(z)=xCos(y*)+iySin(x*), 77,(=ki z=3+i, n=1000

27

Bo & o A T e
Ao ? TT?J&&J'?&___‘F‘J_,_,.—;_,__,Z
L . '\'\")\kizh'\(?'\rh(_‘_(_&‘__hr
? o, AR R R R ™ e
? o U “"&‘!{&'\(‘__'\I{ﬁ.‘_‘_(ﬁ‘_ﬁ_ﬁuw
T4 # il el P e T T I R
e N & Y A e e e
~ - - - e e R e R R R
- - - - - e e e e e o o o e R e
- - - — SS9 S 395955
- - - e e e e e R e e e B
- s - - e B A R e e e e Y
v - . B I I T s Y
; R LTI AT LT
§ ¢ - -’.{(.{"’\RE’KR&'KR*‘"_‘_‘_‘_('_Q”&
E O R T T S S, S RS DI T -

The standard Zeno contour is in purple and the contour Vns(z)+z isin green.

Next, reverse the roles in the previous description:

V.(z)= ﬂ1,n¢(z) + /uz,n¢(Gl,n (z))+ /u3,n¢(GZ,n (z))+---+ ﬂn—Z,nﬂGn—l,n (2))
S, (2)=z+1,0(2)+ 11,0V, (2)) + 1,0V, (2)) +--- +7,,0(V,_4(2))

Example 3 : u,, =% , N, =% , ©(z)=xCos(y)+iySin(x) . SV (2)




Interlacing contours: “Blend” two contours as follows:
Zyn = Zy1n +ﬂn¢1(§k—1,n) and ;k,n = gk—l,n +:un¢z(zk—1,n) ’

analogous to the system

¢

dz
=¢,(§) and ;E=—QJZ)-

dt

Example 3: ¢,(z)=xCos(y)+iySin(x) and @,(z)=ysin(x+ y)+ixCos(x—y) [R,B]
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A system of three contours follows the same pattern:

Zyn =Zpg, H P (é/k—l,n)
gk,n = ;k—l,n + 4.0, (a)k—l,n)
a)k,n = a)k—l,n + lun¢3 (Zk—l,n)

é“

Analogous to d— ?($) ‘(ﬂz() ——(Ps(Z)



Interlacing algorithms:

dz _ %
_t—¢1(;) and d ?,(2) .

(1) Zk,n = Zk—l,n +lun¢1(§k—l,n) and gk,n = gk—l,n +lun¢2(zk—1,n) 4 d t =

Suppose the contour to be graphed is the first. Then it is not difficult to ascertain
n-1 1 1 k
z, 0=, 0,($,) ~ [wende ~ [e (L)t where ¢, =a+u,> ¢(z,,,)
k=0 0 0 Jj=1

Of course, @,({(t)) is vague at best, and implies what | like to call a virtual integral.

Zyn=Zp_qpt ﬂn¢1(§k—1,n)
(2) ;k,n = gk—l,n +:un¢z(a)k—1,n) ,» Or
a)k,n = a)k—l,n +lun¢3 (Zk—l,n)

d_iz%(;) ) % =

dw
d dt =p,(®) , E_%‘(Z).

Again, supposing the first contour is our target:

2= @=t, 2 0(C0) = [wl@nde ~ [o (S and

Jj=0

k-1 1
;k_n = V2_n (a) + Itln Z¢2 (V&n (a) + Itln Z ¢3 (Zj,n )J ) Vm,n (a) = + ﬂn¢m (a)
1=0

Example 4 :

@, =(xCos(x + y)+ ySin(x — y))+i(xSin(x — y)+ yCos(x + y)) .
@, = xCos(y)+1ySin(x) @)= [y, (a.t)de
@, =2yCos(x)+i2xSin(y) 0




Example 5 : @, (z)=2y+2xi , ¢,(z)=-y+xi , ¢,(z)=xCos(y)+iySin(x) [R,G,B]

The image of V(§)=j'z(§,t)dt where %:(o(z,t) and z({,0)=¢

From z,, =z, + 1. 02 .,), Z,, = ¢, wehave v= Wy Zy o+ Zy e 7

n,n—n,n

Example 6 : v({) in {—plane for ¢(z)=xCos(y)+iySin(x)




Example 7: v({) in {—plane for ¢(z)=xCos(y*)+iySin(x*)

Example 8 : v({) in { —plane for ¢(z)=(xSin(x + y)+ yCos(x — y))+i(xCos(x + y)— ySin(x — y))
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