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Convergence of Infinite Compositions of Complex Functions

John Gill

ABSTRACT: Inner Composition of analytic functions (f, of, o---of (z)) and Outer
Composition of analytic functions (f of _ o---of (z)) are variations on simple iteration,

and their convergence behaviors as n becomes infinite may reflect that of simple
iterations of contraction mappings*. Several theorems are combined to give a summary
of work in this area. In addition, recent results by the author and others provide
convergence information about such compositions that involve functions that are not

contractive, and in some cases, neither analytic nor meromorphic.
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* ¢ defined on a simply-connected domain S with ¢(S) c Q < S, Q compact.
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Historical Background

Among the previously investigated classes of special functions with regard to both inner
and outer composition are linear fractional transformations (LFTs) :

a,2+D, ,normalized by D, =a,d, —b,c =1. If the LFT has two fixed points
c 7+

n n

f.(2)=

f,(2)-a, =K, - 1-a, . Thus LFTs fall
fn(Z)_ﬁn Z_ﬁ”

a, # [, it may be written in multiplier format:

into four distinct types:

Hyperbolic if 0<K, <1
Elliptic if K, =e™, 0, #0(mod2n)

Loxodromic if K,=|K,|e™,0<|K,|<1,and 6, #0(mod2m)

Parabolic if o =p,

Both continued fractions and series may be perceived as infinite compositions of certain
classes of LFTs; and in the case of continued fractions, especially the analytic theory of
continued fractions, many conclusions derive from studies using this approach. The
following theorems, however, touch upon the highlights of investigations into the pure
convergence behavior of composition sequences of general LFTs:

Set F (z)=f,of,0---0of (z) and G, (z)=f, of ,o---of (z) where limf = f.

Theorem [9] If Han , an, ZCn , and Hdn all converge absolutely,
then F — F, aLFT.

Theorem [9] If F, = F,aLFT, then lim f, = f =z.

Theorem [10] If lim f, = f and all functions are hyperbolic or loxodromic, then

E —C, for all z# f=Limf,.

Theorem [10] If {f,} are elliptic and lim f, = f is elliptic, and )

> <co,and Y |B,—B+a—a,|<eo, then
{EF.(2)} diverges forall z#a,f,with F(@)—>«a and F,(f)—>f ,a 5.

:Bn - IBn—l

<oo,

a'/n - a'/n—l



Theorem [2] Suppose {f,} are LFTs converging to a parabolic LFT , f, with
ﬂn+l _ﬁn| <o and z an _ﬁn

o, — o finite. If D" n

<oo,then F, — C, for all z.

Theorem [2] Given {f,} LFTs with lim f, = f elliptic with fixed points & and .
i If ) <o, B, -B.,
F —»C, forall z=p.

i) If ) <o, Y'|B,=p,|<e ,and J]K, converges, then {F,(2)}
diverges for z#a, while F(&)—>a and F(8)—f

an - an—l

<oo ,and HKn diverges to 0, then

an - an—l

Theorem [11] Suppose

(i) K,=[K,|e", 0<|K,|<1, K, >1(f, >2) or K, -0, >
i) o, —»o,p, —=>p,0=p

(iii) ] <ooand )

If HKn =0 then F, -»C, for z#f and G, — o (except perhaps at one point)

an - an—l

:Bn - IBn—l

< oo

If HKn converges absolutely then both F, and G, converge to LFTs.

These theorems are generalizations of the simple and elegant convergence and
divergence behavior of iterations of single LFTs [12].

The remainder of this article is devoted to exploring the convergence behavior of infinite
inner and outer compositions of more general functions. Although the condition

lim f, = f, sometimes called /imit periodic, plays a significant role in the theorems listed
n—soo

above, it is not required in most of what follows.



1. Contractive Functions

Theorem 1.1(Gill) Let {f } be a sequence of functions analytic on a simply-connected
domain D. Suppose there exists a compact set £ < D such that for each n, f (D) c Q.
Thus for each n, there exists aunique o, =f (o, )e Q. Define {k(n)} to be an ordering
of the positive integers and {s(n)} an infinite sequence of Os and 1s.

_ (@) if s(n)=0 (@) if s(n) =1
Set “n(z)‘{ 2 if smy=1 2 m(z)—{ 2 i s(n)=0

Next, set ¥ (z)=f, and ¥ (z)=n,°¥,  °n,(2)

)

The convergence behaviors of {¥ (z)} under all possible choices of {k(n)} and
{s(n)} follows:

(1) k(n) = any ordering of {n} and s(n) =0 for all n: Quter Composition
Then ¥ (z)=f, of o of(z) and

Y (z) - o if and only if the sequence of fixed points {a, } of {f } converge to o.

Convergence is uniform on D.

(2) k(n) = any ordering of {n} and s(n) =1 for all n: Inner Composition

Then ¥ (z)=f, of,, o of, (2) and
Y (z) > Ak) , where A(k) is a function of the sequence {k(n)},
and a constant for each such sequence. Convergence is uniform on D.

(3) k(n) = any ordering of {n} and {s(n)} is any (random) sequence of Os and 1s:

Then, assuming there are an infinite number of Os in the sequence {s(n)},
Y (z) = a if and only if the sequence of fixed points {a } of {f } converge to o.
If there are only a finite number of Os,

Y (z) > A, where A depends upon the sequence {k(n)}

Comment: This theorem simply reflects the results in contraction theory that follow.



Inner Composition

We begin with a well-known and very basic result:

Theorem 1.2 (Henrici [1], 1974) Let f be analytic in a simply-connected region S and continuous on the
closure S' of S. Suppose f(S') is a bounded set contained in S. Then f"(z) =fofo---0f(z) > a , the
attractive fixed point of fin S, for all zin S'.

This result can be extended to forward iteration (or inner composition) involving a
sequence of functions. The author began a study of infinite compositions of linear
fractional transformations in [2].

Later, in the 1980s, the author initiated a study of extensions of limit-periodic continued
fractions, in which sequences

F (z)=F_ (f,(z))=f o---of (z),withf —f

involving functions other than those giving rise to continued fractions

a
viz., f (z)=—2
( (?) b, +z

, a Mobius Transformation) were investigated:

Theorem 1.3 (Gill [3], 1988) Suppose there exist a sequence of regions {D_} and a
sequence of functions {f }analytic on those respective regions, such that f (D,)c D,
,and there exists aregion DcnD_ with f —f uniformly on compact subsets of D.

Furthermore, suppose there exists
oe D such that |f(z) — oc| < |z - oc| forall ze Boundary(l_)) .

Then there exists Ae D, suchthat 1limF,(z,)=A V {z,} in D.




Lorentzen generalized this idea considerably:

Theorem 1.4 (Lorentzen [4], 1990 ) Let {f } be a sequence of functions analytic on a
simply-connected domain D. Suppose there exists a compact set & < D such that for
eachn, f (D) cQ.Then F (z)=f of,0---of (z) converges uniformly in D to a
constant function F(z) = A.

. . . az a,z . )
Example: The simple continued fraction f % is generated by an inner
+ + cee

composition in which

fn(z,w):lai, F(z,w)=f,(z,w) and F.(z,w)=F_ (zf (z,w)). Suppose
+w

Izl<1 and Iwl<R<1. Then

a,[<pR(I-R) = fn(z,w)|<pR , O<p<1. For R=1/2, for

instance, F (z,w)— 0(z) analytic in (lzl<1).

Example: The exponential tower generated by f, (z,w)=—5e™ ,

z|<1,

W| <R :
F (z,w)=F_ (zf (z,w)) isconvergent, for instance for R=1, to a limit function ¢(z)
analytic in (Izl<1).

Example: Set f (z,w)= J.lpn (t,w)dt where |z| <1,
0

W|<1, wn(t,w)| <p<l,and

generate F (z,w)=F _ (z,f (z,w)) to obtain a function ¢(z) analytic in (lzl<1). For
example, set

z t z t
fn(z,w):je—dt , giving Fn(z,w)zjze—dt, which converges to
o N+4+tw 05+tj e' dt
06+-.'

a function ¢(z) analytic in (lzI<I).



Additional Related Result:

Theorem 1.5 (Gill, [5],1992) Let {f, |}, 1<k <n be a family of functions analytic on a

simply-connected domain D. Suppose there exists a compact set < D such that for
eachk and n, f_ (D) € Q and, in addition, limf,_ (z)=f, (z) uniformly on D for each k.

Then , with E, (z)=f, of, o---of (2),

F.(2)—> A , a constant function, as n — oo, uniformly on D.

Comment: The condition limf, (z)=f (z), if discarded, allows the possibility of

divergence by oscillation: viz.,

Sifnisodd

S ifnis even ’ otherwise f, (z)=

fl,n(z):{ , onS=(z|<1) .

z
2

Outer Composition

Theorem 1.6 (Gill [6], 1991) Let {g, } be a sequence of functions analytic on a simply-connected

domain D and continuous on the closure of D. Suppose there exists a compact set € < D such that
g,(D)c Q for all n. Define G, (z)=g,og,,°:--cg,(z). Then G, (z)— o uniformly on the closure

of D ifand only if the sequence of fixed points {c_ } of the {g } in Q converge to the number .

comments: The existence of the {a } is guaranteed by Theorem 1. Note the simple counter-example
g (z)=-.5 fornodd and g (z)=.5 for n even, in the unit disk (lzl<1). It is not essential that g _— g,
although that is usually the case. If g — g, then o, — .

The proof of the assertion that G, (z) — o is found in the paper cited above.

However, the proof of the converse — that the sequence of (attractive) fixed points converge to a
common limit — is sketched here: For clarity, assume D = (lzl<1) and



limG, (z) = limg, og, ,o---og,(z) =0=0 (uniformly) for all z in D. The Riemann Mapping theorem

and Mobius functions can be employed to extend these results.

(1) Schwarz' Lemma can be used to prove the following:
There exist {p,} Vn such that .| <plz—a,| where 0<p, <1and Supp, =p<1.

(2) Suppose the fixed pointso, do not converge to =0. Then there exists a sequence

{Ocnj} and A, with r= |)L| >0 —?u‘ <d= rd=p) for all n; sufficiently large .

4(1+p)
(3) There exists N such that n>N implies |wn _rd=p) , where w =G, (z)
4(1+p)
(4) From (1), above
‘G (z)—o, ‘ ‘w -0, <p‘w
< p‘w
<pe+ p(r+8)

from which one obtains

‘wni >r—0—p(r+€+9d) > & (—« ).l

Outer composition can be used to determine the solution of certain fixed-point equations.

z z

e e e
Example: let G(z)= 4 8 12 ... , where |Z|Sl. We solve the continued fraction
3+z+34+z+3+z+
. . . e’/4n
equation G(o) = o in the following way: Set tn(§)=3 £ ; let g (z)=t ot 0---0t (0).
+z+

Now calculate G (z) = g, og, o --og,(z) , starting with z=1. One obtains o =.087118118---
to ten decimal places after ten iterations.



Certain integral equations may be solved numerically using outer compositions.

Theorem 1.7 (Gill, 2011) Given ¢@({,t) analytic in D = (|§| < R) for each t€ [0,1] and
) ) 1 1 2 n
continuous in t, set gn(g“):—((o(g‘,—j+¢[§,_j+...+¢(é”_n and
n n n n

G,($)=¢,(G_(0),G()=g/() . Suppose |¢(§',t) <r<R for {e D. Then

4

1
j(p({,t)dt has a unique solution, ¢, in D, with limG,({) =« .
0 n—>o0

Sketch of Proof:

g, (& )| <r<R satisfies the hypotheses of theorem 1.6, with

8, ()= e =[({ 1)t = a,>a , sothat imG,({)=a.
1 1 2 n ..
And G,({)= _(¢(Gn-1(§)a—j+ ¢[Gn_1(§),—j+ et ¢(Gn_l(§),—jj implies
n n n n
azj'go(a,t)dt I

L

Example: ¢ =Ie
0

5 dt, a=(47712--)+i(.07483---)

Theorem 1.7b (Gill, 2011) Suppose @({,t) is analytic for S =(|{|<R) and 20,

with ‘¢(§’,t)‘<Mn for n-1<t<n and > M,<r<R. Set

k=1

2,(0)=6,(0(¢.8,)+9(£.28,)++9({.(n)3,)-6,))

-0, 0(n) an integer, G,({)=g,({) and G,({)=2,(G,.({)).

5:

n

o(n)

Then S(¢)=[@(¢,t)dt has a unique fixed point @ =S (a)=1imG, (¢).

n—soo
o

10



#;.1465-% i(—.0248---)

=g o
Example: S({)=|———— implies a=
( ) }[ }[46(0”2)’ +i

4e(§+2)’2 +1i

Theorem 1.7¢ (Gill, 2011) Given ¢@(¢,z,t) analytic in D = (|a)| < R) for both z and ¢,

for each 7€ [0,1] and continuous in t. Set

gn(&z)=l @ C,Z,l +o é“,z,z +ootol Lo
ke ()

and G,(8)=¢,(£,G,.(D)) . G(§)=g({,2) . Suppose |@(¢,z,1)

<r<R. Then

a(l)= I¢(§’, a({),t)dt has a unique solution, (), in D, with limG, O =a).

Lo 1 e:a@)tz

Example: a({) :.[64 dt :J.

dt with

o(.1-.3i)=.2518---—(.00654---)i ,
a(0+.2i) =.2498---+(.00423---0)i ,
o(.6+.1i) =.2640---+(.00261---)i

11



Additional Related Result:

Theorem 1.8 (Gill [7], 2010) Suppose {g, ,}, with k<n, is a family of functions analytic on a

simply-connected domain D and continuous on its closure, with g, (D) < €, a compact subset of D, for

all k and n.
Then

G,.(2) = g,,°8,,°°8,(z) = o uniformly on the closure of D
if and only if
the sequence of fixed points {a,  } of {g, } converge* to a.

(Comments: When limg, (z) = g,(z), for each value of k, both sequences converge to the limit

described in theorem 2. * For e>0 3 N=N(¢) > N<k<n = ‘ock’n - oc‘ <e)

Simple Examples of Compositions of Infinite Expansions:

Example: ¢,(z)=a,,+a,,z+a,,z" ++ definedon D= (|z| <1), with
Z‘ak,n‘ <r<1 1implies the {¢ } are uniformly contractive on D.
k=0

Hence F,(z)=¢ o@,0---0@ (z) > A uniformly on compact subsets of D.

Example: tk,n(z,é/):% with |{]|<r<1, ‘ak’n‘SC, |2| < R implies
CR . 1-
‘tk,n <:=p<r if R<r(cr)'

Then
T,(2.0) =T, (z.1,,(z,{) = 8,(z) for |z|<R.

al,nZ aZ,nZ
{¢,} are uniformly contractive on (IzI<R). It follows that F, (z) =@ c@, 00 (z) > 1 .

We have ¢ (z)= with |¢,|<p <R provided C<1-r .Thus the

12



2. Non-Contractive Functions

Inner Compositions

Among other results, Shota Kojima proved the following, using an inventive and

N
appropriate notation: E)_ikfn(z) = f, of,, 0--of(2)

Theorem 2.1(Kojima [8], 2010) Consider entire functions f (z)=z+ ch’rzf with
r=2

complex coefficients. Set C = sup {c“,r

1
"'} . Then the convergence of the series
r=2,34..

ZCH implies f(z)= Eol}lfn (z) exists and is entire.

n=l

Corollary : (Kojima, 2010) Let {c } be a sequence of positive real numbers such that

D ¢, <oo. Define gn(x)ziil(x+crx2):(x+clx2)o(x+czx2)o---o(x+cnx2) and

F(x)= 5‘;{1()( + CnXZ) . Then the sequence {g, (x)} is uniformly convergent on compact

subsets of C, with limg_(x)=F(x), an entire function.

Kojima investigates the expansions of functions satisfying the functional equation

f(sz)=s f(z)+s f(z)’ with complex s where |s|>1.

- 2
Example (Kojima, 2010): %(eZZ —1) =R (Z+Z—j

13



Comments About Kojima's Theorem and other Related Theory

For these infinite inner compositions to converge, there frequently is required either some
sort of contractive property, as seen in Lorentzen's Theorem and my theorem above, or
some sort of Lipshitz condition or uniform convergence:

f,(z)-f(2)|<p,

f (u)—f, (V)| <p, z| , or something similar.

u—V| or

Speed of uniform convergence is often geometrical. Almost all theorems on this subject
provide sufficient conditions for convergence of infinite compositions. Continued
fraction theory is a case in point. The only general theorem that I am aware of that is
both sufficient and necessary for convergence is theorem 1.6.

A general strategy is to deal with the "tail end" of the composition, applying the sorts of
techniques mentioned above, showing the tail end converges. Then all that remains is the
simple step of composing the front section — which is an analytic function — to the

convergent tail section.

Kojima's Theorem provides a glimpse of the inner structures most easily developed in
this regard. The following is a sketch of a proof of his result, using these conditions.

Start with the observation that each of the power series in the hypothesis is majorized by
a geometric series:

f,(z) :z+an’2z2 +aln,323 +--, lZISR =

£, )| <[2] (1+[a, |2 +[a, o 2" +-)

IA

|Z|(1+Cn Z|+Ci Z|2+---)
4 . _R
1-C,l =~ 1-CR

. . . = 1
Let us choose and fix some n large enough to insure the following: ZCH+ i < =

= 4R

14



Then, working with the tail end, we have

R
f < 2R
@] S e <
oo (2) R
f Of S n+m
el n+m(Z)| 1_Clﬁ—m—l fn+m(Z)| ) 1 - R(Cn+m +Cn+m—l)
(1)
' R
f of , oof, (2)] < R(C_+5C)) < 2R
Using the same approach, look now at
(2) f(Z)—z| < C 22(1+C z+C2z2+---) < C“Z2
n - n n n - l—Cn Z
And finally , with R, =2R,
£,2)=1,©)| < |z-g{1+C, (2 +[ch+C. 22 +[2[¢+[c)+ ]
3) < Jz-g{1+2(C,R)+3(C,R,) +4(C,R,) +--}
1
< s —— P .z
ey T
Thus fn(z)—fn(§)|<Pn-z—§| , where it is easily confirmed that ﬁPk converges
k=1
since iCn converges. Write IZIPk <M(n).
1 k=n

Set E, . (z)=f of ,o--of  (z). Toshow {F
Cauchy sequence.

(z)},_, converges: prove it is a

,n+m

15



1::n,n+m (Z) - Fn,n+m+p (Z)‘ = fn (Fn+1,n+m (Z)) - fn (Fn+1,n+m+p (Z))‘
< Pn ’ ‘fn+l (Fn+2,n+m (Z)) - fn+l (Fn+2,n+m+p (Z))‘
< PnPn+1 fn+2 (Fn+3,n+m (Z)) - fn+2 (Fn+3,n+m+p (Z))‘

' fn+m+l (Fn+m+2,n+m+p (Z)) - Z‘

k=n
< M(n) ’ fn+m+l (Fn+m+2,n+m+p (Z)) - Z‘
< M(Il) ( fn+m+l (Fn+m+2,n+m+p (Z)) - Fn+m+2,n+m+p (Z)‘ + fn+m-¢—2 (Fn+m+3,n+m+p (Z)) - Z‘)

2' I
%- z p, — 0,as m— oo
k=m+n+1

Therefore,

llim E(@z)=lmE_(F . .(2)=F_(limFE _ (z)) .Convergence is uniform on compact

,n+m

sets in the complex plane.ll

Generalizing this theorem a tad, I get :

Theorem 2.2 (Gill, 2010) Given a family of entire functions, {f, }, suppose that for |zI<R
there exists an N=N(R) where n>N implies (with uniform convergence of the sums):

®

f, (z)—z| <o, (z)|z

, with o, (z) 20 and ) o, (2) <o
n=1

(ii)

f (z)—f,(0)| < 1+B,(2)]z-¢

, with B, (z) >0 and iﬁn (z)<oo

Then lim(f, of, o---of (z)) = F(z) exists, with convergence being uniform
on compact sets in the complex plane.

16



Sketch of Proof:

First,

fn-*—m(Z)| < (1+Bn+m).R

n+m

f,o-of (@ <[J(1+B,)-R<M
k=n

Then,

fn o .fn+m(z) _fn o 'fn+m (fn+m+1 oo fn+m+P(Z))‘

n+m

< H(1+Bk ) "Z _fn+m+1 o ofn+m+P(Z)‘
k=n

n+m

< H(1+Bk)'{Mpn+m+l +Mpn+m+2 +} - O as m — oo
k=n

Additional results related to Kojima's theorem. . .

Theorem 2.3 (Gill, 2010) Suppose f,(z)= a,(n)z + a,(n)z” + --- with lz<R,
la,(m)|<p,*, p, <1 and p,({)0. Then lim(f,o---of (z))=0 for |z|<R.

Sketch of Proof: Assume a large fixed value of n.

17



£@)|< pile] + pllef + < py:

n+m

RH P;

fn Ofn-%—l O“.Ofn+m(z)| < ~ = R

1= Rf(ﬁ pj]
k=n \_j=k

Where Z[rlpj]Spn+pnz+---+pn“““slL and []p;<p,™"
k=n \_j=k =k

n

Then R, <p mi, _RAZP) o m e,

" 1-p,(R+1)

Theorem 2.4 (Gill, 2010) Suppose

f (z)= a,(n) + a,(n)z + az(n)z2 + - + a (n)z", where |Z|<R,
la,(n)|<p, and [a,(n)|<p,", p, <1 and p,({)0. Then

P_}rpm(f1 o---of (z))=Mz) , analytic for |z| <R, with convergence

being uniform on compact sets in C.

Sketch of Proof. Choose and fix n so large that p,A < g <% and p, (\L)O .

Then |f(z)[<p, {1+ [ || |J<p (1+1R6j<R for large j.

This leads easily to

f oof ,jo-eof (z)| <R for fixed large n and positive m. Next, as in Theorem 7,

18



<|lz-¢|-p, (1+2(an)+3(an)2 +4(Rp, ) ++)

<[z~ CI p) <—IZ 4

for n sufficiently large.

Applying the Cauchy Condition for convergence,

of . (z)—f o-wof of

n+m n+m+l1 ©--0 fn+m+p (Z)‘

< zim z _fn+m+1 R fn+m+p (Z)‘ < zlm(|2| + fn+m+1 R fn+m+p (Z)‘)

Theorem 2.5 (Gill, 2011) Consider entire functions whose linear coefficients approach
one:

— 2 k
Let f (z)= a,z + a,,z° + -~ +a,,2 + - ,where a, =1,

and ‘ak,n <ps! with ) p, <oo. Set g, =|a,

Then hm (f of,0---of (z)) =F(z) , entire, with uniform convergence
on compact sets in the complex plane.

Sketch of Proof: Begin with [zI<R. Then

|f (z)|Socn|z|{ + (1+p |z|+pi|z|2+ )}
1
< |z|{o¢n 1|+ j|S|Z||:£n+—}
1-p,|z 1-p,|z
(1+€,)|7]
I-p,|z
Thus,

19



£ )< (1+¢,)l|
T 1-p, |z

n

@

Repeated application of (1) gives

n+m

R[J(1+¢,)

1_R|:pn+m TPoima (1+8n+m)+“'+an(1+€k):|

f Ofn+1 o...ofn+m(z)| S

n

n+m

Where H(1+£k)<M and n sufficiently large = Zpk <

- 2MR
Hence |[f, o--of,, (z)|< Mlim <R, = 2MR.
1-MR > p,
It is easily seen that
Zi
(2) |f,(2)—2|< gl +p,- :
1-p, |z

And, finally,

£,(2) £, <[z =] 0, +p, (2| +]) +p3 2" +[2|[¢] +[¢[ )+ |
S|Z—C|‘[€n +(1+2p,R, +3piR,? +)]

1
< |Z_C|'{€n +(1_an0)2}

Leading to
3 [t @—f,Q|< (1+B,)-|z={ , where DB, <o

As before, using (1), (2), (3) and setting F

n,n+m

:fn Ofn-%—l O.“Ofn+m(z)

n+m

<[1(1+B,)-|E

n+m+1,n+m+p -
k=n

F

n,n+m L nn+m+p

z
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SM{f F

n+m+1( n+m+2 n+m+p) n+m+2,n+m+p

f

+

n+m+2( n+m+3 n+m+p) - Fn+m+3,n+m+p

}

+...+

n+m+p (Z) —Z

Therefore, for sufficiently large and fixed n:

n+m+p 2 n+m+p
F im = Fonimip| SMA Ry D g +—2 > p, | — 0 as m—eo |
n+m+1 T 2 n+m+l

Theorem 2.6 (Gill, 2011) Suppose f,(z)=z(1+7,(z)), with 7, analytic for |z| < R,
and

<g, , Z€n<oo . Choose 0<r<R,, and define R=R(r)= wR L
H (1+¢,)
k=

Then F (z)= f,of,0---0of (z) — F(z) uniformly for |z|SR

<[J(+4)<e where g =—
k=1

Proof: Simple recursion shows that

n+m

fyoo frn(D| <SR- H l+g,)< ﬁ (1+g )=
=n k=1

Next, a Lipshitz condition is required: But first, Cauchy’s Integral Formula provides an

estimate of the derivatives: |77,Z '(z)| < ﬁ. Write

r
<|z=¢|+|2m,(2)= ¢, ()| where
an,2)= = atm, @[ =|[}(n. 0 +m ) as

<[(lm, )IdtIS(sn+<R1—r>€—;j-lz—§|=— (=5,

z—§|
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Then

, with the product converging.

<[10+A)[-¢

<R’¢,. Therefore

n+m(Z)| <H 1+ﬁk

Also

~d<|

Fraoo frn(2)—1]

Set Z\\" = f..,o°f..(z). Then

n+l

+ot

frem(2)— 2

fraoo fum@D =2 S| f0(Z0) =205 | +

n+2 n+2

fn+2 (Zn+m) Zn+m

n+3 n+3

n+m

<R'¢,+R'¢, ++R€, <R Y& — 0 asn—oo

n+l
k=n

Hence

n+m(z)|£R ﬁ (1+4,)- ) & — 0 uniformly on (|z|SR) asn — oo
k=1

k=n

A simple application of the chain rule gives |F '(z)| H (1+8,)<
k=1

Example & Comments: The following example shows how the hypothesis can be
realized.

1
Set =zl 1+—— |, C>1,
1.2 Z( C(n+1)2+zj

1 1
fn(Z)|SC(1+mJSC(1+CnZJ , so that

Z| <C. Then

1 1
frH—m—lo n+m(Z)|SC(1+—2j 1+
C(n+m) C{(Hm)z_mlz)}
Cn+m)

SC(1+ ! 2)(1+ ! 2], etc.
Cn+m-1) C(n+m)

1
2

Thus ¢, = 12 and R*=CH(
k=1

Cn
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Outer Compositions

Theorem 2.7 (Gill, 2010) Consider functions g,(z)=a,z+c,,z’ +c, 2z’ ++-- with

complex coefficients.

Set p, = sup {Cn,r ﬁ} and € =|a, —1| with Zen < oo
r=2,3.4...
0
If p, < RMI‘MZ ,where Y 8, <eo, JT(148,) <M, ., [J(1+e,) <M,,
then

G(z)=lim(g, og,  o---0g,(z)) exists and is analytic for IzI<R .

Convergence is uniform on compact subsets of (IzI<R).

Sketch of Proof:
gn(Z)|S\(aln —1)Z‘+|Z|+pn|z|2+pi|z|3+...
<Eg, z|+ |Z| < (1+¢,) Z|
=p,|4 — 1-p,/

Repeated application gives

n+m n+m

gn+mogn+m—lo.“0gn(z)| < RH(1+8k)H(1+£k) < RO

n

Fix n so large that Zpk < .
" 2R,
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2
i

1-p,

Next

gn(z)—z| <€, z| + p,

7

Then, setting G, (z)=G, =g, °g, o °g(2)

G,,,—G,|<

n+m

gn+m—l (Gn+m—2 ) - Gn+m—2 |

gn+1 (Gn ) - Gn

2 2

RO RO
S R0€n+m + pn+m l—l +oet R08n+1 + pn+l 1
2

gn+m (Gn+m—l) - Gn+m—1| +

+ e+

_1
2

SROZEk+2R§Zpk — 0 as n—oo

n+l n+l

In a more general context:

Theorem 2.8 (Gill, 2011) Let {g, } be a sequence of complex functions defined on

S=(IzIkM). Suppose there exists a sequence {p, } such that an < oo and

k=1

gn(z)—z|<Cpn if |z|<M. Set CS:CZ:[)k and R, =M-0>0. Then, for every
1

ze§, = (|z| < RO) , G,(z)=g,0g,,°°g,(z) — G(z),uniformly on compact subsets
of S, .

Comment: There is no requirement these functions be analytic.

Sketch of Proof: |G1(z)| < |Z| +Cp,<R,+Cp, for |Z| <R,. Repeated applications give

G, (2)| <R, +C(p,+-+p,)<R,+6=M.  Thus
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Gn+m _Gn S gn+m(Gn+m—l)_Gn+m—l|+

gn+m—1 (Gn+m—2) - Gn+m—2| +..o 4

n+m

<CZ:pk SCZpk - 0asn — oo

k=n+1 k=n+1
Example: gn(z):z+pni for |Z|S3.
+z
We have |g_ (z)| |z|+p | I |< 3 + 2p, ., and repeated applications give

gn+mo---ogn(z)|<3+22pk<4 for Zpk<%. Thus |g,(z)—z|<4p, ,and
k=n k=1

Gn+m _Gn S gn+m(Gn+m—l)_Gn+m—1|+.“+

—0 asn—>oo
k=n+1

Le., z=2 and pn:(%j gives G(14)=2.040882... error<10™*.

Example: g (z)=

|z|£1 with p<z. We have
e

e
dt<|z|+p —<1+p —  so that

8n

gm°gn+m_10---°g,,(z)|£1+§p”+%p”“+---3Mn. Thus

M

<p" 62 =Cp". Hence

G

n+m

n S gn+m (Gn+m—1) - Gn+m—1| +eoot

< C[p”“+---+p”+'”] —0 as n—>o
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Generated self-replicating series

Example: Consider a wandering point in the complex plane whose position depends
upon its previous position. For example:

g \/% and |Z|<R=,02—% ,Re(z)>0. Then

G,(2)=z+a(z)+a,(2)+--+a,(z) with a,(z)=

— [,

And Theorem 2.8 applies, giving limG, (z) =G(z).

Theorem 2.9 (Gill, 2011) Suppose g,(z) =z(1+7,(z)) , with 7, analytic for |z| <R, and

ﬂn(z)|<€n , Z€n<oo Choose 0<r <R, and define R=R(r)= mR !
[T(+e)
k_

Then G (z)=g,°g, ,°°8(z)—>G(z) uniformly for |z| <R

with |G’(z)|£ﬁ(1+%skj sﬁ(1+€k)
k=1 k=1

Sketch of Proof: It is easily seen that |G, (z)] < R- (1+ £)<M

=1

gn+1 (Gn (Z)) - Gn (Z)| S M8n+1

n+1(Z) - Gn (Z)| -

G,n(2)=G,()|<SM- D & —0 as n >

k=n+1

In the proof of Theorem 2.7 it is shown that

8, ()-8, <(1+8,) |-

Hence t <ﬁ(1+ B.) ,and
k=1
~6,0)_|6,)| _[.G,)| [8.2Gu)| || 1)
< | | | ‘ G, H G,., ‘ | Z | k=1 ¢
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1
Example: )=z 1+——F— 1|, C>1, |z{<C. Then
ple: g,(z) ( C(n+1)2+z] |
g,()|<C et sc(1+ 12j ,
C((n+1)°-1) Cn
1 1 1 1
gn+logn(z)|SC( 2)' 1+ SC(1+ 2)(1+ 2]»
" C[(n+2)2—(1 Clz} Cn C(n+1)
n

| nnm(z)\ c. H(

Comment: There is some overlap among the various theorems presented in the last few
pages.

jSM. Hence G, (z) = G(2).
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