A Note: The Natural Curve of Continued Fraction Approximants

John Gill December 2014

Abstract: Forward recursion generates consecutive normal approximants of continued fractions and other
expansions. Backward recursion does the same for reverse approximants. These approximants lie on natural

smooth curves. The comments here extend the author’s paper [1]

I. Forward Recursion: F,(z)=f, o f,o---o f.(2), F(z) = F,(z)—--

al+b
cl +d

or) two fixed points (o and [ ) and its multiplier (K ), as

A linear fractional transformation (LFT), f({)= , can be written in terms of its (one

f)-a_, z=a _ fO)-a_,. 7-a
fO-B"" 2= ~ [O-B " z-B

(@-K"B)¢ +ap(K"-1)
(1-K")¢ +(K"a-pB)

, from which may be

deduced M= , leading to a natural continuization

(@-K'B) +ap(K -1)
(1-K*)¢ +(K'a-p)

, t=20.

)=

Example1 : a=4, f=—4, K=.5+.8i with z=.5+4i, t:0—30
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Normal iterates (approximants) occur where the color of the curve changes from green to
black. The first five are shown in purple.
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(4-(8i)4i)¢ + 16i((80) -1)
. (t) =

, (=1+4i,t:0->30
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This linear fractional transformation is loxodromic, but close to elliptic. Hence there is both
oscillation about fixed points and convergence to the attractor.
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A Strategy for Fixed Point Continued Fractions:

(@, -K.8,)¢ +a,8,(K,-1)

From above: Set ¢ (t,{)= , K = % An adaptation of this:

(1-K;)¢ +(Kre,— 5,) "B
0. (t,)= (Ziﬁn (K,b,,’—)l)/‘ng =2 C(';g?g , with g = - ﬁnﬂ a normalizing factor,
nan “Fh lun - n n~ Fn

may be used in the well-known forward recursion scheme

n* n-1 n®n-2 n""n-1

A
A =bA +aA B =bB,  +aB, _, ,wherethe nthapproximantis B” .

n

0 if t=0
Note that o.(t.{)= a,p, I
(@,+8,)-¢
Example 2: cn(g):m, CF=limC,oC,0---0C,(0), z=-2+3i. n=40
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The initial point (green) on the curve is the value of the first approximant, not z.

The algorithms for continuization described in this note work best for expansions that are limit-
periodic and do not have alternating signs.

~3~



Example 3:

Example 4:

1 2

z 3 e ? , -
Tan(z)=— , Tan(5+8i)=0+i
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,where o, =(x+1)+i(y-1), B =(L&)+i(%), z=2-i



A general composition of LFTs:

L= EO= oo f0) = FE)
We have F ({)= 4, §:+B with the forward recursion scheme

=a A ,+cB ,,B=bA +dB ,,C =aC ,+cD ,,D =bC ,+dD, ,

n—n-1’ n~'n-1 n—n-1’ n-'n-1

(an —K,E,,Bn);+0!nﬂn (Kfl —1) ~ aff)é"+b,5”
(1—K;)§+(K;a(n—ﬁn) B ¢ +d®

continuizing the composition.

Defining  f9({)= generates an algorithm for

Example 5 : (A variation of example 1 above) &, =3+1,8 =-3-1,K =-1-+.8i
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The initial point (green) is the initial value of z.



(Example 2) :(again) The continued fraction using the LFT algorithm of this section:
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Example 7: «,=3, B,=-3, K

elliptic, whose

Example 8 :

1 I ).
— 4| 1+— i
10 5+n

n

, z=3+i, n=10. These LFTs are close to

iterations oscillate and do not converge; loose spiraling occurs:
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Example 9: C(z)=2— B— .. 22 | F(z)=ArcTan(z)=
1+ 1+ 1+ 1+C(2)
Initial Z
4 ~ i3
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14 vi 0.1

C@

The value of the arc tangent is shown as a purple bullseye. Initial value of z in green.

II. Backward Recursion: F, ,({)=f, °f, i1 iz 0 fig(E) 2 F () as k—>n-1

The idea is that backward recursion — a very efficient evaluation protocol for CFs — starts at
some low level, say f ({), and progresses upwardto f _ o f ({), f,,°f,1°f. (), etc. At

each step a point in the plane is determined, a sort of reverse approximant. The continuization
process simply links these discrete points together in a natural continuum.

For LFTs let t:0 — 1 in the following

(0 = K3 ) Fun )+ 0,8, (K}, ~1)
(1-K%)F () + (Ko~ 5,)

FY ()= , m=n—-k-1 ,k:0,1,2,3,..,n—1

F.(8)if t=0

That is to say Fk(a,n(ﬁ = ﬁq(fi—l(Fkﬂ(g)) - {F (Q)ift=1
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= Tan(z) , Tan(1.5+.3i)=.722+3.257i .
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Example 11 : CF
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Additional Examples:

The procedure described for CFs can be used elsewhere. For example, suppose

(6) f,(z2)=K,(z)-(z—«,)+«, inan appropriate region in the complex plane. Then
a fairly simple theory evolves if |K,(z)| < p, <1. This condition is not essential, however, and

K (z) might mimic the multiplier for CFs, with t:0—1. If so,

z If t=0
(7)) fO2)=K(z-a)+a, = f(f) f =1 , and allowing t to increase more or less
(2) if t=

continuously from 0 to 1 may fill in the spaces between either regular or reverse approximants
with smooth curves.

n

Example 12: e =1+>+5 +.. o fOO = 1+l-z— {,G,()=f,of o0 fi($)
1 2! ¢ n!

z7=2+3i

Y e R R R R R R R R R R RN E R R R R LRSS i
e Y e A R R R a¥555
Unitial ZXeurr e e e e ke M Babbiyi iy e At A A ]
..... NN Y e e e e e BB LR RYY 233 o ¥ o S WEOME SR A BB A B
““\“\\“\\“111\\\\\\\\\\\\\\ TeabWRLLRb ALY 333 ‘H. o o i
NN NN EEMPRERELEALY 333 N 2 dtaseams e g
A 0 e e e e e TR EBLEERLY 333 of o J
111111\\\\\\\\\\\\\\\h\\\\\\\ TR EEERRLE AR Fid o
Y Y e e e TR REbBEWLLLY i) <
ﬂJnnnﬂmnh\ﬁ\\\\\\\\\ﬁ&\\\\ EhhRhEbREbAEE 33 4
nnnnnnnn\an\ﬁ\\\\\\\\\t TR EE R R R ALY k3 F |1
it e et RN ik '
v -
30322961, 1t 1_93*3_‘3_5{_]48“““‘“ﬁ\““““““ T8 iil "‘""”»m
R EEEEBY 3% 11y ..-.-.-H--------L
] 53] 133 e
TEEREE uy LY “
T b 1is N ——————
TENEY T 1 1 !&L\\\Mhsx\\\\
e e i
i i +
hh i
b FE 4 Jd
i ol ot f oo bt ot o
*id o oS
L) o - |
o "
bl

1\\\\\\\\\\\\\1

-
saaa
FAararas ‘
PANRI AR
BPAABIIIFET
FAARPRIFIEY
AAPIERTIITITY
AAFPAPRETITY
FAPPAPFRIFFETITTY K
AARAJARPPPRPNT
lllllllllll ))ﬁ))))???}???} ;\}k\&h&a&a&a&n&&n&&&&m
AAAJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJ)ﬁ)‘)'f”)f’,f7f7 TURAARAAAR R AR R R A ARRRAR]

~10 ~



Example 13 : {(s)
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Example 15: Sin(z)=z| || 1-—=— |, fP () =|1-—=——1|-¢&, z=2-3i, n=80,
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G, (&)= f,ofaeefi(6)
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Example 16 : f (z)=€"+%(z-5)+5, K(z)=€"+, z=6+3i, n=50.
E(2)=fiofyo0fo(2).
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Example 17 : £
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Example 18 : {(s) = —+—+
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Example 19 : Tan(z) = R

[1] J. Gill, A Natural Continuous Interpolating Structure for Continued Fractions, J. Comp & Appl Mathematics, 105

(1999).
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-z, Tan(1.5+.1i)=4.7+6.7i



