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Abstract: Images of infinite compositions — see Technical Notes at end.

-4z

1. Tan(z) = R[ Z 2} ,n=5 and Tan(z)-z ,bn=20, -8<x,y<8
k=1

30 . .
2. E,(2) =£|:Z+%XCOS()/;+I ySm(x)} [-20 < x,y < 20]
pt +Z
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3. F(z):ezzl+ﬁ[%+z] ,F(z)-z,-4<x<3.2,-6<y<6,n=50
k=1

2

and G(z):1+z{z+%}, -4<x<4,-6<y<6,G(2)-z
k=1
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F40(x+iy):R[ X+1y J —20<x,y<20

1+ (xCos(y) + iySin(x))




. 40 X +1y
5. G =
40(x+l)/) £(1+21k(xCOS()/)+i)’Si”(X))

] , 20 <x,y <20




Definition: A (z)=z+A(z)=z+ Jl.l//(z,t)dt = Jl.(z +y(z,t))dt = IW*(Z,t)dt )

0

Collapsed Virtual Integral (see Technical Notes)

6.9,,(2)= Z+1(XCOS(_}1)+I:VSI'I’I(X)), A'(2) =lim(gnn °g, 1. °"'°g1n(z)) , 20<x,y<20
! n n—o0 ! ! !

7. gn(z)=Z+%(xCos(y)+inin(x)), F(z)=lin:(g1ogzo---ogn(z)), -20<Xx,y<20




40 i
8. F40(X+iy):R[1 1 X +1iy ] —20<x,y<20
+ % )

k=1

xCos(y) + iySin(x)

) 20 [ xCos(y) + iySin(x)
9. Gzo(x+’y)=£{ 1+)i(x3:iy)
2k

k=1

J , —20<x,y<20




20 xSin(y)+iyCos(x)

-20<x,y<20

=1 1+271k(xe4(1‘os[y) +I:ye45in(x))

Technical Notes

Infinite compositions of analytic functions occur in two forms:

n n
I Inner or right compositions: Rtk(z) =t ol,o---0t (2), T(z)=1lim Rtk(z).
k=1 n—ee 31

n n
Il Outer or left compositions: [t,(z) =t ot o--ot,(2), T(z)=lim [t (2).
k=1 n=e ka1



Theory of convergence includes the following:

Theorem 1 (Gill) Let {g, } be a sequence of complex functions defined on S=(IzI<M). Suppose

there exists a sequence {p, } such that an <o and
k=1

g,(z2)—2|<Cp, if |z]<M. Set

G:CZPk and R;,=M-06>0.Then, forevery ze S, =(|z|<R0),
1
G,(z)=g,0g,,°°g(z) — G(z), uniformly on compact subsets of S, .

Theorem 2 (Gill) Consider functions {f (z)} analytic for |z| <R,.If |fn (z)—z| <Cp" for

0<p<land |Z|SRO:R+G,where G:CL,then

1-p
lim(f, of, o---of, (z)) =F(z) for |z7/<R. Convergence is uniform on compact subsets.

Theorem 3 (Lorentzen) Let {f } be asequence of functions analytic on a simply-connected
domain D. Suppose there exists a compact set Q c D such that for each n, f (D) c Q. Then

F (z)=f, of,0---of (z) converges uniformly in D to a constant function F(z) = A.

Theorem 4 (Gill) Let {g, }be a sequence of functions analytic on a simply-connected domain D and continuous
on the closure of D. Suppose there exists a compact set D such that g (D) c Q for all n. Define
G, (z)=g,0g,,°og(z). Then G, (z) = o uniformly on the closure of D if and only if the sequence of

fixed points {a, } of the {g } in © converge to the number o.

Definition: Zeno contour. let g, (z)=z+7,,¢(z) where ze S and g, ,(z)€ S fora convex

set § inthe complex plane. Require lim7, , =0 , where (usually) k =1,2,....n . Set

G,(2)=8,,(2), G (2)=8,(G..,(2) and G,(2)=G,,(2) with G(z)=limG,(z), when

that limit exists. The Zeno contour is a graph of this iteration. The word Zeno denotes the
infinite number of actions required in a finite time period if 77, describes a partition of the time

interval [0,1]. Normally, ¢(z)= f(z)—z for avector field, F = f . The alternative notation

G,(z)= fg.,(z) is also available. Euler’s method is a finite example of a ZC.
k=1



Begin with 7, , _1 and g, ,(2)= z+l(o(z) with ¢(z) continuous onadomain §, and
n n
z€ S = g, ,(2)€ §. (If the underlying vector field is time-dependent, g, .(z) = Z+1(p(z,§) )
: ' n
1 1 1 1
ThUS Gn,n(z) =z+ ;(D(Z) + ;w(Gl,n(Z)) +;¢(G2,n(z)) +-t+ ;¢(Gn—l,n(z)) *

Now, imagine a function

1
w(zt) ,t€[0,1] and W(z,kalimqo(Gmk_l,mn(z)),with jlﬂ(z,t)dt defined :
0

n

1 1 1 2) 1 3 1 1
Gn(z)—z=—l//(z,—j+—l//(z,—j+—l//(z,—j+---+—l//(z,£j zjlﬂ(z,t)alt
n n n n n n n n 0
And for t irrational, yw(z,t) =limy(z,t,) forrational t, .

The existence of this function (and the integral) is equivalent to the convergence of the Zeno
1

contour. jl//(z,t) dt is more a virtual integral since its analytical form can be murky at times.
0

Then: A(z) =_|1.V/(Z’t) dt=G(z)-z which is valid for both normal VFs and TDVFs .
0

Write the recurrence sequence (for TDVF)as  Z(z ")=Z(z “"1))+1(p(Z(z (H)),%)

0'n

Assuming Z=Z(z,,t), one concludes %z(o(Z(zo,(k;”),%) = %zq)(Z(zo,t),t),

te[0,1]. 1
y(z,t)=o(z(t),t) = /1(20)=I¢(Z(t)’t) dt = z(1) - z(0)

Then:

All images derived from mathematics/graphics programs the author has written in Visual Basic/Liberty Basic.



