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Abstract

Branched continued fractions with non-equivalent variables are natural
generalization of C'-fractions in solving of the problems of correspondence
to multiple power series. We obtain branched continued fractions of the
special form if values of variables are fixed. For 1-periodic branched continued
fraction of the special form we established the conditions of convergence and
uniform convergence, and the truncation error bounds.

1 Introduction

The object of our investigation is 1-periodic branched continued fraction
(BCF) of the special form. The research review concerning 1-periodic con-
tinued fraction is given in the monographs [11, 14, 15, 16]. The parabola
theorems play the important role in the analytic theory of continued frac-
tions and particularly 1-periodic continued fraction. The analogs of parabola
theorems were established for the branched continued fraction of general form
with N branches
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where a;y € C, i(k) = i1iy.. .9 — multiindex (1 <i; < N; j= 1L,k k>1),
by D.I. Bodnar [5], T.M. Antonova [1] and for two-dimensional continued
fractions by Kh. Yo. Kuchmins’ka [12]. For the branched contionued fraction
of the special form
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where a;y € C, (k) — multi index, 1 < iy < 4y, 99 = N — integer,
T.M. Antonova [2] proved the convergence of the fraction (2) if by =
and elements a,x) satisfy the following conditions: Z;i;ll (|ai(k)| — %ai(k)) <
2t(1—1t), laju| < p(1—1)%, ¢t <1/2, p <1 and established other convergence
criteria for fractions (1) and (2).

O.Ye. Baran [4] obtained the analog of the parabola theorem for frac-
tion (2) if partial numerators a;() belong to respective parabolic regions and
partial denominators b;) — some half-planes.

Investigating the parabola convergence regions, R.I. Dmytryshyn [10]
specified lemma 4.41 [11, p. 100]
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where z > ¢ > 0, vu? +v2 —u < 2p, 0 < p < 1, and proved the convergence
of multidimensional generalization g-fraction
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where s > 0, 0 < gy < 1, k = 1,00, 4, = 1, N, p = 1k, z € CV if the
following condition is valid

N
z € U {z: (21,--+,2N) GCN:Z(|zk|—3‘E(zk6_2m)) <20082a}.

ae(—m/2;m/2) k=1

He also established the truncation error bounds of fraction (4) at some ad-
ditional conditions.

2 Main results

We obtain 1-periodic branched continued fractions of the special form
fraction if a;) = ciy, bigry = 1 (1 <ip < ip—y, k > 1) in fraction (2), that is
BCF next form
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where ¢; — complex numbers (j

=1,N), ip = N — integer. The n-th approx-
imant of 1-periodic BCF (5) i
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as n-th tail q th order of 1-periodic BCF (5) (¢ = 1,N; n > 1; jo = ¢;
R = 1; R =1). Obviously, that the tails R (n > 1,
following recurrence expression
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Theorem 1. Let elements ¢; (j =1,N) of (5) satisfy the condition
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where

={z€C:|argz| <7m—e¢},

Gy = {(ZQ,...,zN) cCNL: U {Z(\zs| — R(z,e7%)) < Isin® 6/2}}
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} [ and € — some parameters such as0 < e < m/2,0 <
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1) 1-periodic BCF (5) converges uniformly on any compact of the set G

2) the value set is
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3) if beside above ¢y € G1({z € C: |z| < R} and
N
(coyC3,...,CN) € GQﬂ{(ZQ,...,ZN) e CN-t. Z|zj] < C},
=2
where R, C' — some positive constants (R > ; cose, C' < (tvizsh) ﬂ sin®(g/2)),

a) and also | < 1/8, C' < V1807 “116_81)281r12(5/2), then holds the trunca-
tion error bounds of (5)
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here F' — the val tion (5), Lo = ’
where '~ the value of fraction (5), In = =5y
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b) orl=1/8, then we obtain the following truncation error bounds
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Proof. 1. We use multidimensional analog of Stieltjes-Vitali Theorem [5,
theorem 2.17, p. 66] for proving uniform convergence of 1-periodic BCF. We
are going to investigate the functional fraction following form
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and it’s respective the sequence n-th approximants {F,(2)}:2,, where z =
(21, 22, ..., 2nv). We prove that this sequence is bounded uniformly if z € G.
In this order we estimate modules of tail RY )(z) of the functional fraction
(n >0, j =1,N). Considering that z; € G4, v € I. and according to the
parabola theorem 3.43 [14, p. 151] we obtain

R(RWY(2)e™™) > %cosy > %sin(e/?).

n

We consider 1-periodic continued fraction
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and denote f, — n-th approximant (n > 1, fo = 1) of it. We prove by the
mathematical induction by n (n > 1) for every j (2 < j < N), that

R (RY(2)e ) > %Sin(s/Z) s (10)

For n = 1, using (3), leads to

RRY (2)e™) = RV (2)e™) + D R(z,e™)
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= 55111(5/2)(1 —2]) = 58111(6/2) - f1.



By induction hypothesis for k holds: %(R,gj)(z)e—iV) >
(2 <j < N). We define

qr = %sin(e/Q) - fx- (11)

Implementing recurrence expressions (6) and induction, we obtain

R(R) (2)e™) = R(RY, ()™ Z ( )) >
(2] = R(ze ™)
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Since 21 < 2- % = 1, then 3 < f, < 1 by Worpitzky’s Theorem. That
is why the following inequalities are valid: ‘R,(f )(z)‘ > R <R7(lj)(z)e’”> >

-1
+sin(e/2) for any v € I.. Since F,(z) = (R%N)(z)> we obtain: F,(z) €

{z eC: 7zl < 51115/2} that guarantee the sequence of { F},(z)}2; is bounded

uniformly.
We prove the convergence of that sequence on the compact D = D; X

. x Dy of set G, where Dy = {z € C: |z| < g, |argz| < 7 — ¢} and

D; = {Zj eC: |zl < ZSIZN(E/Q}

(j = 2,N). Since z; € D; (j = 1,N), then 37 (|2 — R(ze727)) <
SN2 lsm 5/2 < Isin?(g/2), that is D C G. The convergence of approxi-
mants F,(z ) on the compact D leads from the multidimensional analog Wor-
pitzky’s Theorem [3, p. 35], implementing |z,| < & (s = 1, N). The uniform
convergence of fraction (5) on any compact of set G follows from the multi-
dimensional analog of Stiltijes-Vitali Theorem.

2. We prove, that the value region of (5) is the set (7). We consider

1-periodic continued fraction 1 + kl_)l =2 SmQ(al/Q)/ 37 and denote h,, it’s n-th

approximant (n > 0, hg = 1).



We can prove by the mathematical induction by n for any j (2 < j < N)
and any v € I. that following inequalities are valid

N 1
R(RWe=) > 50087 hn,

analogically, as inequalities (11).

The elements of n-th approximat h,, (n > 1) satisfy the condition: %2(5/2) <
W <2-1< 4, that is inf,en by = 5 and R <R _”> > Lcosy (v €

-1 )
I.). Considering that F,, = (R,(lN)) and \Rn | > §R(Rn )e_”) > 1087,

iy

cosy | — cosvy

we obtain F, € {z cC: ‘ 2e 7

} Since v € I., then the value of

n-th approximant F,, (n > 1) belongs to (7).
3. Using the inequality

1
- Ok Cm+1
RY, —RY |+ : , (12)
kZ:O Hf:l(gn—r . gm—r) Hm+ (gn r* Om— T)

where n > m > 0, 32V |c,] < C and |R£Lj)| > g, (n>0; j =2,N), was
proved in [9], we estimate the truncation error bounds of fraction (5).

We use uniform the truncation error bounds for estimating tails RS of (5)
IR — RY| < Myp™™ (n > m > 0) where M, = ‘F

1 —4V6sinf/2 + 46 1
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o= 14+ 4V0sin6/2 + 40 16’
' L= VAsing/2 448 ]
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on the set £ = {ze€C:|arg(z+ 1) <7—0,6 <|z+ 1| <A} that was
proved in [9].

The values of parameters d, 6, A, what were given in this theorem, were
found by elementary calculation provided by condition: S C E, where S =
{zeC: | | <R, |arg z| < m—e}. Since - A = 22(1+4R), then conditions
0-A § = and sine < are equivalent and the value p; is defined as in
this theorem (Figure 1).
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Figure 1: SC F

3 a. Let I < §. Using the same scheme as in problem 13 [14, p. 49],

we proved, that the value Z" n- th approximat of 1-periodic continued frac-
tion (9) is equal f, = S=5er ynﬂ (n > 0), where x = 1+m, y = 1= ‘/Zﬁ
— the attracting and the repelling fixed points of linear fractional transfor-
mation s(w) = 1 — 2[/w . Using inequalities (10) and denotations (11) for
1 < k < m we obtain

Cc* (4C/ sin®(g/2))k _ (4C/ sin®(g/2))k
Hf:l (Qn—r : Qm—r) Hr 1 (fn r fm r) xn-l—l - yn+1 $m+1 - ym+1

gkl yn—htl L pm—kt+l _ ym—hl

:< g )kl(y/””*ll(y/x)mk“

a2sin’(e/2) ) 11— (y/x)ntl 1 — (y/o)m+l

We denote f_1 =1 and for £k = m + 1 the following estimations hold

cm+ _ 40/ sin*(/2))" 1 sin(e/2) i \" )
Hm+1 (Qn r " Qm— r) Hm+1 (fn r fm ,n) 2 iL’2 sin2(e/2)

1= (y/o)™™  1-(y/x) ( 4C )”“1—<y/x>n—m —
=/2)

L= (y/a) 1= (y/a)y | a2 sin’( 1= (y/x)™1 1 = (y/z)m
Let C < M. We denote d = y/z and, implementing % <
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2% (1 < k < 'm), we obtain

Ck 1—dm

<ph——
Hf:l (QTL—k : qm_k) 2 1 — gm+1
h 16C Using the fnequality (12) b
whnere = . S1n € 1mmequaill , where g, =
r (14 /1 —81)2sin?(g/2) & quality p

¢n (n > 1) and 1:% < 1, let n — oo and we obtain the truncation error
bounds (5)

1—d" & 1—d

16
F-F|<— | Myt — Mo pm—k+1 . ok —
| = sin?(g/2) ( P 1 _ gm+l ; 1P1 pa + 1 gmit dm+1p2

m—+2 m-+2
P1 — P2

<Li- pr—p2
(m+1)p™,if py = pa=p,

if p1 # po,

16 M 64v A
where L; = L vA

sin®(e/2)  sin*(g/2)(1 —py)’
3b. Let | = %. We denote f,, — n-th approximant of 1-periodic contin-
ued fraction, which elements are equal —1/4. Implementation the formula
(3.13) [5], we obtain f, = 2(’;:;21) and [T'_, fur = Zk(:f*kul) We estimate for
1<k<m

c* - ( 4C )’“ 1
Hf:l (qn—r : Qm—r)  \sin? (8/2) Hf:l (ﬁZ—T : J?m—r)

160 \ i—k+1)(m—k+1)
— \ sin?(¢/2) (n+1)(m+1)

and for k=m +1

om+ B sin(e/Q)( 16C )m“
)

I (Gt Gme) 4 sin®(e/2

n—m _ 16C m n—m
(n+1)(m+1) = \sin®(e/2) (n+1)(m+1)
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sin?(g/2) : . m _ —
Let C' < =, then let n — oo and, implementing > " ;(m — &k + 1)
(m +1)(2+m)/2, we obtain

m m_k, m
|F—Fm| < 16 M, ) Zk:[)pl +1P§(m—k+1)+p2 +1

sin?(g/2) (m+1)
< [ (m+1)(m+2)+1
2(m +1) ’
where ¢ = max{py, p2}.
: Cc* —k+1)(m—k+1
Let C = Sm21(6€/2), then — = (n )(m ) (1<
Hr:l <Qn—r : Qm—r> (TL + 1)(m + ]-)
cm+l n—m

k < m) and . Let n — oo and imple-

T (G - tmr) 1+ Dm+ 1)

ment that > 7 o7 " m —k+1)+1< 1(31’:)”2%, we obtain

F—F,| <L ,
| | 2m—I—l

16M; (L4 p1+p3)  64VA(L+ py + p})
sin(e/2) (L—p1)?  sin®(g/2)(1—p1)3 "

The truncation error bounds of tails RS of fraction (5) was established
in [9].

where Ly = O

R — RY| < Mipt™ (n 2 0), (13)
_ 414+ 1+4e] | 1=/IF4er | - : .
where My = == and py = |12t | in the region {z € C: [arg(z +

1/4)| < 7}
Theorem 2. Let elements ¢; (j =1, N ) of fraction (5) satisfy the conditions
c € Gy ={2€C:|arg(z+1/4)| < 7},

N ‘ 1 N
D (les] = R(eee™)) <lcos’an, 1< o e < O,
s=2 s=2
where
S0, = {argcl, z:f argc) # m, (14)
0, if arg e = .

Then 1-periodic BCF (5) converges and the truncation error bounds hold
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(1++/1—80)2cos*(ay)

1) ifl <1/8 and C < , for m > 0 we obtain

16
m-+2 m—+2
Py — P .
|F_Fm|<L1 p1 — Do ) prl#p27

(m+1)p™tt if pr = ps =,

1—+1+4¢ B 16C '
1+ +/1+4¢ b2 = (1++/1 —8l)20052a17

2) if l =1/8, then we obtain the truncation error bounds

32|11 + /1 + 4¢]|
where L = , P1 =
cos? ay(1 —py)

I mpt (M1 (m+2)+1 O < cos® o
IL —7

Fop <1 2(m + 1) 16
I 1 . cos? o
"+ 1 Te="

0082a1} I 3211 + 1+ 4ci|(1 + p1 + p?)

h = )
where ¢ = max {[)1 16 cos? a1(1 —P1)3

Proof. Analogically, as in the previous theorem we established the following
estimates for the tails of (5)

R(RW) > scosaq >0
() ia 1 (15)
R(R)) e 1)25005041-]””, (n>1)

n

where o is defined by formula (14) and f,, — n-th approximant of (9).

Considering the inequality (12) and applying unequalities (15), we obtain

the truncation error bounds for (5). O

Conclusions

The uniform convergence and convergence of 1-periodic branched contin-

ued fraction of the special form is proved if the element ¢; belongs to some
region and sum of the other elemets belogs to union of the parabola-like re-
gions. The truncation error bounds is established at some restrictions of the
sum of elements beginning from the second.
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