An Elementary Note: Operations on Contours in the Complex Plane

John Gill March 2015
l. Algebra of Contours (See [1])

Zeno (or equivalent parametric) contours are defined algorithmically as a distribution of points

lim{zk_n}Z:0 by the iterative procedure: z, , =z, |, +7],, '(p(zH,n,%) which arises from the

n—oo

following composition structure:

G(2)=1imG,,(2) , G,,(2)= Gy, (Gs(2))  Gun(D)=2 477,925, G, (2)=9,,(2).
Usually 7, , :1, providing a partition of the unit time interval. ¥(z) is the continuous arc
" n

from z to G(z) that resultsas n— o (Euler’s Method is a special case of a Zeno contour).

When ¢(z,t) is well-behaved an equivalent closed form of the contours, z(t), has the
d . . . .
property d—i =¢(z,t), with vector field f(z,t)=¢(z,t)+z. Siamese contours are streamlines

or pathlines joined at their origin and arising from different vector fields. It will be assumed in
most of what follows that all contours in a particular discussion have identical initial points.

Contours will be abbreviated, using the iterative algorithm, as

ViZen=Zkap +77k,n¢(zk—1,n’%) = Zy gt s (f(Zk—l,n’%)_Zk—l,n)

dz

(0] = ’t
r 14 ™ @(z,t)

A parametric form of $(z): z=z(t), exists when the equation %: ¢(z,t) admits a closed

solution. For example y:z(t)=z,e™™ < @(z,t)=z(1+4it).

A Contour Sum y=y, é}/z is defined as follows: ¥: %z(p(z,t)z(pl(z,t)+ ®,(z,t)

@ dz

dt :¢1(th) and Iy _:¢2(Z't)

For VA it



And a Scalar Product:

dz
y=00Yy,: E:a-@(z,t),

Combined to show a distributive feature:

. .~ d
V= 0(@(71 ® 72) :(056 71)@(0'@ 72) : d—i=a((p1(z,t)+¢2(z,t))=a(pl(z,t)+a(p2(z,t)

A Contour Product is defined: 7=y, ® 2% % =¢,(z,t)-¢,(z,t) , from which one derives

y=(@0y)®y,=(a0y,)®y,

d
Define Contour Composition: y=y,°y,: z.,,,=z,,+7., ¢ (,(z,t),t) or d—i =@, o0,

A norm ||7|| of a contour in a z,- based space can be formulated as||7|| = tS[l(l)ll)]|¢(ZO,t)
€Y,

giving rise to a metric: d(y,.7,)= ||}/1 - 72” = H71 ®(-1)- 72H :

Il. Operations on Contours
dz . .
Set ¥, :d— =1 , the identity contour z(t)=z,+t.
t
Define a linear operator

dz — —
T=ay: E=6¥'¢(Z;t) sothat  T(y,®y,)=T(y,)®T(7,)

If we assume @(z) is analytic the following are linear operators as well:

jy: % = jgo(z) (in the sense of antiderivative)

dz
and Dy: —=D
Vi ,9(2)

7



Example 1: y: %:Cos(z) = Iy: %:Sin(z]. z=-5+3I, ;/green,_[}/ red.
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Contour exponentiation: y: %:(p(z) = ¥ %:ﬂz)“
Example2: y: %:z2 = ¥y %222(1”), z,=15-1.5i
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Orthogonality of contours: 7:%:(/)(2), i %z—@(z) = yly



Example 3 : y: daz =@=xCos(x+ y)+iySin(x—y)

dt
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Consider a contour y: z,, =z, +#, ,0(2._,,), andasecondfunction ¢,(z).

Define an Integration Operator  yp,: ¢, =C, .\, + i, 0,(2,_, )¢ (2, ,). Then

Con—Son= i(;k,n —$ean)= i% (z,1,)(2,—2,4,) > I @,(2)dz = I% (z(t))e, (z(t))dt

y(z) 0

The result: The integral of the second function along the contour described by the first.

d¢

. dz
This is analogous to E:(ol(z) and E=¢2(Z)'¢1(Z)

A more complete description can be found in [2]. The vector ¢, —{, provides a graphical depiction of this

integral.
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Define a Composition Operator — @,oy: §, . =C .+l @, °0,(Z,_,,).

An argument similar to the previous leads to

$on=on= iwz(Azk,,, [ 1) o = [ @,(dz ] db) de = [ o, (g, (2(6))dt .

Analogous to @—gol(z) and %:

i ?,(9,(2))

Define a Contour Mixing Operation

m(%ﬁ’z ): 2, =2, 1,0 (6 ,) and & =0+ ue(z,,,)
analogous to the system

dz d . .
E=¢’1(§) and d—§:¢2(2), z=x+iy,{=T+iv

Example 4 :% =(zSin(7 + v)+ vCos(7 - v)) +i(7Cos(z + v)— vSin(z —v)) and

% =xCos(y)+iySin(x), Vy(w)= Jl.z(a),t){(a),t)dt , @=1z(0)=_(0)

0

Topographical image of the @w-plane:




Further mixing of contours:
NiZin =2y, t1,0(2,,,) and 7: gk,n = gk—l,n +ﬂn¢2(zk—1,n)§k—1,n

Expanding 7, two different ways:

W) ¢nn=6 +%i¢2 (Zk‘lrn);k—l,n ={, +%Zi:¢z (Z(%))é/(%)

2 ¢..= ;oﬁ(l"'%q’z (Z(%))j

=1

Using the notation of virtual integral, (1) becomes
1
R ACA (3
0

And simple manipulations produce the following form of (2)

1
[vatza

gn,n = é/Oeo

Combined, these two expressions give

1
[wa(@trde

ANa) = j-z/fz(a,t)g“(t)dt = e’ -1

Observe that the contour along which integrals are evaluated is 7, .

This is analogous to

de(t) z

d Jostaten
7=(/’z(2(t))'§(t)’ E=(/’1(Z) = {(t)=¢.e

Recall, under ideal conditions: y(«,t)=¢(z(t)), a=2z(0).

d¢ _
dt

Z

0 (2.0) fl——mz)

A general scenario: =
t



! z*, @, =xCos(x+ y)+iySin(x—y), a-plane

Example 5a : o, = I

1
d
ﬂ(a)=a~exp(f %(a,t)dtJ  =0(d) z=a
0

Example 5b : % =,(z(t)) , % =¢,(z) = Ma)= I v,(a,t)dt , v,(a,t)=p,(z(t))
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