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John Gill                                                  Spring 2016                                                                                         

Abstract: The graphs of infinite compositions of complex functions in C   demonstrate the quality of weak 

emergence – largely unpredictable imagery arising from complicated mathematical structures. 

Infinite compositions of complex functions may occur in two general forms: 

I    Inner compositions:  
=
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II   Outer compositions:  −
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=

= = � ���, , 1, 1,
1

( ) ( ) ( )
n

n k n n n n n n
k

G z g z g g g zLLLL , 
→∞
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= ,
1

( ) lim ( )
n

k n
n

k

G z g zLLLL . 

 

For continued fractions written in fixed-point format:    
( ) ( )

( )
( ) ( )

k k
k

k k

f z
z

α ζ β ζ

α ζ β ζ

⋅
=

+ −
  ,  0z =   

generates a function  ( )F ζ .  

                                                                                                               

Frequently,  η ϕ ζ η ϕ ζ= + ⋅ = + ⋅( ) ( )  or  f ( ) ( ) n n n ng z z z z  ,  where  ζ ≠ z   or  ζ = z .  

Two elementary results follow: 
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Theorem 1. Suppose   ( ) ( )
n n
g z z zρ ϕ= + ⋅   where there exist  0R >  and 0M >  such that  

  ( )z R z Mϕ< ⇒ < .  Furthermore, suppose 0
k

ρ ≥ , 
1

kρ
∞

< ∞∑  and  
1

k

k

R M ρ
∞

=

> ⋅∑ .  Then there 

exists  0 *R R< <  such that                                                                                

                                  
1 1

( ) ( )    ( )
n n n
G z g g g z G z−≡ →� ���   for  { : *}z z R< . 

   

Sketch of proof:   Assume momentarily that *R  exists. Then   

1 1 1

1

1

( )    *

( )  ( )  * ( )

.

.

.

( )      *  *

n n n

n n n n n n

n m n m

n m n m n k k k

k n k n k

g z z M R M

g g z z M R M

g g g z z M R M R M

ρ ρ

ρ ρ ρ ρ

ρ ρ ρ

+ + +

+ + ∞

+ + −
= = =

≤ + < +

≤ + + < + +

≤ + < + ≤ +∑ ∑ ∑

�

� ���

             

with   
1

*  k

k

R R M ρ
∞

=

< − ∑ .              Next, 

1 1 1

2 2 1 1 1 2 1

( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

.

.

.

( ) ( ) 0  as  n

n n n n n n

n n n n n n n n n n

n m n k

k n

G z G z g G G M

G z G z g G G g G G M

G z G z M

ρ

ρ ρ

ρ

+ + +

+ + + + + + +

∞

+
=

− = − <

− ≤ − + − < +

− < ⋅ → → ∞∑

 

There is no requirement that ϕ  be analytic or even continuous, merely that it contract as 

described. #   
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Theorem 2:  Suppose   ( ) ( )
n n
f z z zρ ϕ= + ⋅   where there exist  0R >  and 0M >  such that  

  and  <R  ( )z R z Mζ ϕ< ⇒ <  and  ( ) ( )z r zϕ ϕ ζ ζ− < −  .  Furthermore, suppose 0
k

ρ ≥ , 

1

kρ
∞

< ∞∑  and  
1

k

k

R M ρ
∞

=

> ⋅∑ .  Then there exists  0 *R R< <  such that     

                           
1 2

( ) ( )    F( )
n n
F z f f f z z≡ →� ���   for  { : *}z z R< . 

 

Sketch of proof:   (similar to the previous proof) 

  

1 1 1

1 1

1

( ) ( ) *

( ) ( ( )) ( ) ( )

                                      ( ) * ( )

.

.

.

( )

n m n m n m n m

n m n m n m n m n m n m n m n m

n m n m n m n m

n n n m k

k

f z z M f z R M R

f f z z f f z f z f z z M M

f f z R M R

f f f z z M

ρ ρ

ρ ρ

ρ ρ

ρ

+ + + +

+ − + + − + + + + − +

+ − + + − +

+ +
=

− < ⇒ < + <

− ≤ − + − < +

⇒ < + + <

− < ⋅

�

�

� ���

n m

n

+

∑

 

Next, for  
1

*  k

k

R R M ρ
∞

=

< − ∑ ,  

( ) ( )1

11 1

( ) ( ) 1 ( )  1 ( )
n n n m

n m n k n m n m n k k n

k nk k

F z F z r f f f z z M r M S mρ ρ ρ
+

+ + + −
= += =

− < + ⋅ − < ⋅ + ⋅ = ⋅∑∏ ∏� ���  

With    ( ) 0  as  
n
S m n→ → ∞ .  # 

 

 

The following two theorems may be of use when the individual functions  ( )
k
f z   or  ( )

k
g z   do 

not approach z  as  k → ∞ , but rather display a contractive quality.              
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Theorem 3: (Lorentzen , 1990 )   Let  
n

{f }  be a sequence of functions analytic on a simply-

connected domain D. Suppose there exists a compact set DΩ ⊂  such that for each n, 

n
f (D) ⊂ Ω .  

Then  
n 1 2 n

F (z) f f f (z)= � ���  converges uniformly in D to a constant function F(z) = λ . 

 

 

Theorem 4 (Gill , 1991)  Let 
n

{g }be a sequence of functions analytic on a simply-connected domain D and 

continuous on the closure of D. Suppose there exists a compact set  DΩ ⊂  such that 
n

g (D) ⊂ Ω  for all n. 

Define 
n n n 1 1

G (z) g g g (z)−= � ��� .   Then  
n

G (z) → α  uniformly on the closure of  D  if and only if

sequence of fixed points 
n

{ }α  of the 
n

{g }  in Ω  converge to the number α . 

 

 

Now, suppose    
, , ,

( ) ( , ),   ( ),   k
k n k n k nn
g z z z C S I z S g Sη ϕ ϕ= + ⋅ ∈ × ∈ ⇒ ∈  .                              

Convergence is not as easily established if   { }, 1

n

k n k
η

=
 are the sub- intervals of a partition of [0,1],  

0, 1, 2, ,, , , ,n n n n n nt t t tπ =< >�  , with 0, 0nt =  , , 1n nt =  and  , , 1,k n k n k nt tη −= −  with the  norm of the 

partition  , n k n
k n
maxπ η

≤
= where  0

n
π → → ∞as n .  For simplicity let  

,

1
:k n
n

η = .                        

Set   
, , 1, 1, ,

( ) ( ),   ( ) ( )
k n k n k n n n n n
G z g g g z G z G z−= =� ��� .  Here, a contour in  C ,                                       

[ { }, 1, , ,1

1
,    ( , )ϕ+=→∞

= +
n

k
k n k n k n k n nkn

Lim z z z z
n

]   results with initial point  
0

z z= ,      and 

                   , 1,

1

1
( ) ( ) ( ( ), )λ ϕ −

=

= − = ⋅∑
n

k
n n n k n n

k

z G z z G z
n

,  
0,

( ) =
n

G z z   .   

For convenience set  ( ) ( )
1

,

0

, ( ), , with   ,  definedψ ϕ ψ τ τ
 

≡ 
 

∫k
k n n

k
z G z z d

n
  : 

1

,

0

1 1 1 2 1 3 1
( ) , , , ,  ( , )  = (z)ψ ψ ψ ψ ψ τ τ λ

       
− = + + + + →       

       
∫�

n n

n
G z z z z z z z d

n n n n n n n n
 

The existence of this function (and the “virtual” integral) is equivalent to the convergence of the 

contour, which may be describable in closed parametric form when     ( )ϕ=
dz

z
dt

 or  

( , )
dz

z t
dt

ϕ=   has an exact solution, ( )Z t :   ( )
1 1

0 0

0 0

( ): ( , ) ( ), (1) (0)z z t dt Z t t dt Z Zλ ψ ϕ= = = −∫ ∫    
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In a very rough sense this is true because 

                         
,

1, , , ,1

1
( , )  ( , )  ( , )

k nk k
k n k n k n k nn n

n

z dz
z z z z z t

n dt
ϕ ϕ ϕ+

∆
= + ⋅ ⇒ = ⇒ =       

The Picard–Lindelöf  theorem implies unique solutions of these differential equations – under certain 

restrictions -  so that the contours terminate properly . 

The virtually unpredictable images that follow are examples of weak emergence emanating from infinite 

compositions far more complicated than simple iteration. They are topographical graphs in which the   

contour lines represent constant moduli. Dark indicates very small moduli and light very large moduli.  

Example :      

1

0 0

0

1
 ,  ( ) ( ) ( )= ( , )z z

dz d
xSin y iyCos x t dt

dt dt
ζ

ζ
ϕ ζ ϕ λ ω ψ ω

ζ
= = + = = + ⇒ ∫                 

                         

                           Plague doctor    
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Example :   
1

( , ) ( ) ( )k
n

k
z xCos y iySin x

n z
ϕ = + + ⋅ . For  

, 0

1
( ) ( , )k

k n n
g z z z

n
ϕ= + ⋅  , as  n→ ∞  a standard Riemann 

contour integral is defined for each 
0
z  . However, 

,

1
( ) ( , )k

k n n
g z z z

n
ϕ= + ⋅  produces a virtual Riemann integral 

for each z , from the sum  1,

1

1
( ) ( ( ), )λ ϕ −

=

= ⋅∑
n

k
n k n n

k

z G z
n

. 

                                                                                         

2. Riemann Integral     [-10,10]                                        3. Virtual Riemann Integral                                                           

Example :    ( , ) zz t eϕ = .  Here ( , ) (1 )zZ z t z Ln e t= − −   and   ( , ) (1 )z zz t e e tψ = − .                             

Thus  
1

( )
1 z

z Ln
e

λ
 

=  
− 

.      [-10<x,y<10] and  [-1<x,y<1]     

1

0

( ) ( , )λ ψ= ∫z z t dt :    

              

Minnows in a stream                                                      
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Example :  ( , ) ( ( 1)) ( ( 1))z t xCos y t iySin x tϕ = + + + ,  [-10,10] , n=30                                                       

(a)  
, 2

1
k n

k
η =  , (b)  

,

1
k n

n
η = , 

, ,
( ) ( , )k

k n k n n
g z z zη ϕ= + ⋅ :   , 1,

1

( ) ( ( ), )λ η ϕ −
=

= ⋅∑
n

k
n k n k n n

k

z G z                   

                        

(a)                                                                                    (b) 

Demonic possession   

 

Consider  ( )1
,

( ) 1 ( , )k
k n n n
g z z zϕ= + , 1 k n< ≤    and   ( )1 1

1,
( ) 1 ( , )
n n n

g z zϕ= + . Then 

 ( )1
, , 1, 1, 1,

1

( ) ( ) 1 ( ( ), )
n

k
n n n n n n n k nn n

k

G z g g g z G zϕ− −
=

= = +∏� ���  , an infinite product  ( → ∞as n ) .  

  Setting  1
, 1,

( ) ( ( ), )k
k n k nn n
P z G zϕ −= ,    

         ( )
1

, 1, 2, 1,

1

1 ( ) 1 ( ) ( ) ( )  +  R ( )
n

k n n n k n n

k

P z P z P z P z z
−

−
=

+ = + + + +∏ � , with the Riemann-like sum 

                                 

1

1, 2, 1,

0

( ) ( ) ( )  ( , )  n n k nP z P z P z z t dtπ−+ + + ∫� ∼  
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Example :   ( ) ( ) ( )z xCos y i ySin xϕ = + ⋅ ,    ( )
100

,

1

1 ( )k n

k

P z
=

+∏ ,   [-15,15] 

 

                       

                                Mystical hives 
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Example :  ( ) ( ) ( )z xCos y i ySin xϕ = + ⋅ ,   

1

0

( ) ( , )z z t dt zλ π= −∫� , [-15,15] 

                        

                                 Picasso’s dilemma 
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Continued fractions of an elementary nature.  Nth approximates. 

Example :               ( )   
1 2 3

z z z
F z =

+ + +�
 , [-20<x<20] , n=40 

                      

                    Anxious billiards    

Example : 

2 2 2 2

31 2
( )      
n n

n n n n

z z z z
F z =

+ + +
… ,    [-10,10] and  [-1,1], n=50.  ( ) ( )

n n
W z F z z= − : 

     

Wormhole 
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Set    1

1

( ( ))
( ) ,   & ,   ( )

1 ( ( ))

k
k k

k

G z
g z S g S

G z

ρ
ζ ζ ζ

ρ ζ
−

−

= ∈ ∈
+ −

  for a suitably well-behaved ( )zρ .  

Form                      
1

( ) (0)
k

k j

j

G z g
=

=LLLL ,  lim ( ) ( )
n

n
G z G z

→∞
= .                                                                                                                        

We have Euler’s equivalent (reverse & self-generating) continued fraction: 

1 2 1

1 2 1

( ( )) ( ( )) ( ( )) ( )
( )         ,   0

1 ( ( )) 1 ( ( )) 1 ( ( )) 1 ( )

n n
n

n n

G z G z G z z
G z

G z G z G z z

ρ ρ ρ ρ
ζ

ρ ρ ρ ρ ζ
− −

− −

= =
+ − + − + − + −

…     

Abbreviate  
1

( ( ))
k k

G zρ ρ −= . Then 1 2

1

( )
( ) ,   ( ) ( ) ( ) ( )

1 ( )

nn
n

n n j n

k j kn

S z
G z S z a n a n a n

S z
ρ

= =

 
= = = + + + 

+  
∑ ∏ �          

If  ( ) ,    ( ) ,    
k k k k k
a n a a n M M→ ≤ < ∞∑ , Tannery’s Theorem will insure convergence of ( )

n
S z .              

Example :                ( ) ( ) ( ) ( )z x iy xCos y iySin xρ ρ= + = + ,   [-15,15],  n=30,  ( )
n
S z : 

                            

                          Dreams of gold  
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A variation on the contour generator produces a self-generating series whose terms are 

continued fractions: 

,

( , ) 1
( ) ,   

k
n n

k n n

z
g z z

z n

η ϕ
η= + = .   

                        
2 11

1, 1,

2 1
1, 1,

( ( , )) ( ( , ))( , )
( )

( , ) ( , )

n
n n nn nn

n n n n n
n n nn n

G z G zz
G z z

z G z G z

ϕ ϕϕ
η η η

−
−

−
−

    
− = + + +             

�  

                                         

1

1 2 1

0

( , ) ( , ) ( , ) ( , )n
n n nn n n

z z z z t dtη ψ η ψ η ψ ψ−= + + + ∫� ∼         

  E.g.,  
1

3 1,3 3 2,33 3
3 1 1

3 3 1,33 3 3

1
3 3

( ( )) ( ( ))( , )
( )

( , ) ( ( ))( , )

( , )

G z G zz
G z z

z G zzz
z z

zz z
z

z

η ϕ η ϕη ϕ

η ϕ η ϕη ϕ
η ϕ

= + + +

+ + +

+

          

Example :  
2 2( ) ( ) ( )z xSin y iyCos xϕ = +  ,  [-10,10] , n=40 ,   

1

*

0

( ) ( , )z z z t dtλ ψ= + ∫ :  

                                

                            Double vision 
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Example :     
( )=

 +
+ =   + + 

40

40 1
1 2

( )
1 ( ) ( )kk

x iy
F x iy

xCos y iySin xRRRR ,  − < <20 , 20x y    

1
( ) ( , ),   

2
k k k k k
f z z zη ϕ η η= + ⋅ = .                               

 

              Reproductive universe (1)                               
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Example : 
( )=

 +
+ =   + + 

40

40 1
1 4

( )
1 ( ) ( )kk

x iy
F x iy

xCos y iySin xRRRR , [-20,20],

1
( ) ( , ),   

4
k k k k k
f z z zη ϕ η η= + ⋅ = :                            

       

             Reproductive universe (2) 
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Example :   
( )=

 +
+ =   + + 2

40

40 1
1

( )
1 ( ) ( )k k

x iy
F x iy

xCos y iySin xRRRR , [-20,20], 

2

1
( ) ( , ),   
k k k k
f z z z

k
η ϕ η η= + ⋅ =           

                     

        Reproductive universe (3) 
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Example :
( )=

 +
+ =   + + 

40

40 1
1 40

( )
1 ( ) ( )k

x iy
G x iy

Cos y iSin xLLLL , [-20,20], n=40 

1
( ) ( , ),   
k k k k
f z z z

n
η ϕ η η= + ⋅ = .  This is a virtual integral. 

                            

                        Kissimee 
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Example : 
( )=

 +
+ =   + + 

40

40 1
1 2

( )
1 ( ) ( )kk

x iy
G x iy

xCos y iySin xLLLL ,  [-20,20], 
1

( ) ( )
2

k k
g z z zϕ= + ⋅ :       

 

            Metropolis from 30k  
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Example :         
( )

20

20 4 ( ) 4 ( )11
2

( ) ( )
( )   ,   20 , 20

1 k

Cos y Sin xk

xSin y iyCos x
G x iy x y

xe iye=

 +
+ = − < < 

+ +  

LLLL   .    

                         

                                 Diamonds on velvet 
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Example :                 
220

20
1

1
( )   ,   10 , 10

10kk

z
G x iy x y

z=

 
+ = + − < < 

 
LLLL       

                       

                                 Nuclear waste of the mind      
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Fixed-point continued fractions have the form 

                                                1 1 2 2

1 1 2 2

  
α β α β

α β α β+ − + −
…                                                                                  

where  ,
k k

α β  are the fixed points of the function ( ) k k
k

k k

f
α β

ζ
α β ζ

=
+ −

. The nth approximant of 

the continued fraction then can be written  
1 2

( ) ( )
n n
F f f fζ ζ= � ��� .  If ( )

k k
zα α=  and 

( )
k k

zβ β= ,  we have 
1 2

( , ) ( , )
n n
F z f f f zζ ζ= � ��� .  Normally,  0ζ = .    These continued 

fractions converge if  ( ) ( ) ,   1
k k
z zα ρ β ρ< < .     

Example :   ( ) ( ) ( ),   ( ) ( ) ( )
y x

k kx y
z xCos iySin x z xCos y iySinα β= + = + ,  0<x<18, n=30          

                                       

                                    Strange thicket 
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Set   
, 1

( ) ( )
k n k k n
T f f fζ ζ+= � ��� , then form the (virtual) Riemann sum, 

                            

1

,

1 0

1
(0)  (0)    ( , ) ( )

n

n k n

k

T T T z t dt z
n

λ
=

= ⋅ → =∑ ∫       

Example :   
( / ) ( ) 2,   Cos y x Sin x

k k
xe i ye zα β≡ + ⋅ ≡ ,   -4<x<-1,  n=30     ( )zλ : 

                              

                          The Ring of the Nibelung 
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A self-generating continued fraction: 

Consider 

                       1 2

1 2 3 1

( ( )) ( ( )) ( ( ))( )
( )         

        

n
n

n

G z G z G zz
CF z

ρ ρ ρρ

δ δ δ δ +

=
+ + +

…  , 

Where   1 2 3
1 11

1 1
22

2

3

( ) ( ) ( )
( ) ,  ( ) ,  ( )

( ( )) ( ( ))

( ( ))

z z z
G z G z G z

G z G z

G z

ρ ρ ρ

ρ ρδ δ δ
ρδ δ

δ

= = =

+ +

+

, etc.  , 

With ( )zρ   analytic in a region described below.    

Write    
1

( ( ))
( ) k
k

k

G z
T

ρ
ω

δ ω+

=
+

.     Then       
0 1

( ) (0)
n n

CF z T T T= � ��� .    

Suppose now that Rω <   and  for z R< , ( )z Mρ < ; and in addition 
(1 )

k

M
R

R

ε
δ

+
> + .       

Then for each k and relevant z,  ( )
1

k

R
T Rω

ε
< <

+
  

Thus the conditions of theorem 3 are met, and for each z we have ( ) ( )
n

CF z zλ→ : 
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Example:  
( ) ( )

( ) ,   10
1 ( ) sin( ) 1 ( ) ( )y yx x

x y y x

Cos x Sin y
z i

Cos Cos Sin
ρ δ= + =

+ + + +
.   [-10,10],  n=30 

 

                       

                               Quantum code (1)   

 

 

 

 

 

 

 



 

~ 24 ~ 
 

Example :   
( ) ( )

( )
( ) ( ) ( ) ( )y yx x
x y y x

Cos x y Sin x y
z i

Cos Sin Cos Sin
ρ

+ +
= + ⋅

+ + +
,  10δ = ,  [-10,10], n=50 

                  

 

              Quantum code (2)       
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Example :   
( ) ( )

( )
( ) ( ) ( ) ( )

Cos x y Sin x y
z i

Cos y Sin x Cos x Sin y
ρ

+ +
= + ⋅

+ +
,   [-10,10] 

                      

                                Symmetry in red 

    

Codependent  contours:  “Weave” two contours as follows: 

                           
, 1, 1 1, , 1, 2 1,

( )   and   ( )
k n k n n k n k n k n n k n
z z zη ϕ ζ ζ ζ η ϕ− − − −= + = +    ,                                                                             

analogous to the system 

                                               
1
( )

dz

dt
ϕ ζ=   and   

2
( )

d
z

dt

ζ
ϕ=  . 

The idea can be extended to larger systems. 
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Example :  
2 2 2

1 2
( , ) ( ) ( ),   = +i , ( , ) ( ) 2

dz d
t Cos i Sin z t z x y i xy

dt dt

ζ
ϕ ζ ν τ τ ν ζ ν τ ϕ= = + = = = − +  

1

1

0

( ) ( , )t dtλ α ψ α= ∫ :                                                   

1

2

0

( ) ( , )t dtλ α ψ α= ∫ :             [-10,10] ,  n=30 

 

 

   

Mystical moths 
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Example :   
2

1 2

1
( )  ,   ( )

2

dz d z
z

dt dt

ζ
ϕ ζ ϕ

ζ
= = = = ,    [-.1,.1] , n=50.   

1

2

0

( ) ( , )t dtλ α ψ α= ∫ :             

    

             Electrostatics (magnified) 
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Example :  
2

1 2

1
( )  ,   ( )

2

dz d z
z

dt dt

ζ
ϕ ζ ϕ

ζ
= = = = .   1 2( , )

2

d
z

dt
ω

ϕ ϕω
ϕ ζ

+
= = ,  [-1.5,1.5], n=50 

1

0

( ) ( , )t dtωλ α ψ α= ∫ :   (rotated)          

                             

               Firebird 

 

Example :  

2

1 22 2

( ) ( )
( )  , ,   ( )

2

dz Cos i Sin d z
i i z

dt dt

α β ζ
ϕ α β ζ α β ϕ

α β

− ⋅
= + = = + = =

+
, [-5,1]        

 

             Jet propulsion 
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The images were produced by graphics programs I have written in at least two versions of BASIC. 


