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Abstract: The graphs of infinite compositions of complex functions in C demonstrate the quality of weak
emergence — largely unpredictable imagery arising from complicated mathematical structures.

Infinite compositions of complex functions may occur in two general forms:

I Inner compositions: F,(z) = jn{fk(z) =fiof,oof,(2), F(z) =1lim jl{fk(Z), or
k=1 M= Tl
E@) = Rf(@ = fr fo 0 [,0(2), F2) = Iim RS, (2).
k=1 k=1
Il Outer compositions: G, (z) = tgk(z) =g,04g,,°°9,(2), G(z)=lim igk(z), or
k=1 =33

Gn(Z) = .Egk,n(z) = gn,n ° gn—l,n Orero gl,n(Z)' G(Z) = lr11£13£gk,n(z)'
k=1 k=1

(&) B, (&)

For continued fractions written in fixed-point format:  f,(z)= z=0

a(+B()-z

generates a function F({).

Frequently, g,(z)=z+n,-¢({) or f (z)=z+n,-9({) , where {#Z or {=Z.

Two elementary results follow:



Theorem 1. Suppose g,(z)=z+p, -¢(z) where there exist R>0 and M >0 such that

|Z|<R = |¢(Z)|<M. Furthermore, suppose p, =20, Zpk <o and R>M-Zpk. Then there
1 k=1

exists 0 < R*< R such that
G,(2)=9g,°9,1°°9,(z) = G(z) for {z:|]z]<R*}.

Sketch of proof: Assume momentarily that R* exists. Then

9,(2)|< |2|+p,M < R*+p,M
gn-%—logn(z)|S |Z|+M(Ion+pn+1) < R*+M(pn+pn+1)

n+m =)

Grim ® Gnemer © 0 9o (2)| S 2|+ MY p, < R*+MY p, < R*+MY p,
k=n k=n k

=1

with R*< R-M) p,. Next,

k=1

G,.,(2)~G,(2)|=
G,.,(2)-G,(2)|<

gn+1 (Gn ) - Gn
gn+2 (Gn+1 ) - Gn+1

< pn+1M
gn+1(Gn) - Gn

+

< (pn+2 + pn+1 )M

Gn+m(z)—Gn(z)|<M-Zpk —0as n—oo
k=n

There is no requirement that ¢ be analytic or even continuous, merely that it contract as
described. #




Theorem 2: Suppose f (z)=z+p,-¢(z) where there exist R>0 and M >0 such that
|z|<R and |§|<R = |(0(Z)|<M and |(o(z)—g0(§)|<r|z—é’| . Furthermore, suppose p, 20,

Zpk <o and R>M'Zpk . Then there exists 0 <R*<R such that
1 k=1

F(2)=f,o fo-0 f,(z) = F(z) for {z:|z]<R*}.

Sketch of proof: (similar to the previous proof)

fn+m(z)_Z| < Mpn+m =
f;1+m—1 ° f;H—m (Z)_ Z| <

fom(Z)<R*+Mp,,. <R
fn+m—1 (f;ﬁ—m (Z)) - f;1+m (Z)| +

=

f;”'m (Z) - Z| < Mpn+m—1 + Mpn+m
f;H—m—l ° f;1+m (Z)| < R * +M(pn+m—1 + er_m) < R

n+m

fnofn+1 0"'0fn+m(Z)—Z|<M'Zpk
k=n

Next, for R*< R—MZpk,
k=1

n+m

Srom® Frema 070 £,(2)= 7| < M'ﬁ(1+rpk)- > p=M-S,(m)

k=n+1

Fo@)-F @) <[ J(1+rp,):

With S (m)—0 as n—o. #

The following two theorems may be of use When the individual functions f,(z) or g,(z) do

not approach z as k — oo, but rather display a contractive quality.




Theorem 3: (Lorentzen, 1990 ) Let {f } be a sequence of functions analytic on a simply-
connected domain D. Suppose there exists a compact set Q — D such that for each n,
f (D)cQ.

Then F (z)=f, of,0---of (z) converges uniformly in D to a constant function F(z) = A.

Theorem 4 (Gill , 1991) Let {g, } be a sequence of functions analytic on a simply-connected dom
continuous on the closure of D. Suppose there exists a compact set £ < D such that g (D) c Q {
Define G, (z)=g, og, o---°cg,(z). Then G, (z)— o uniformly on the closure of D if and onl)
sequence of fixed points {0 } of the {g } in  converge to the number o.

Now, suppose g, ,(z)=z+7],, -9(2,%), peC(SxI), ze S= Jin €S .

Convergence is not as easily established if {ﬂk_n}: ,are the sub- intervals of a partition of [0,1],

T, =<ty t bt >, witht, =0,¢t =1and 7, =t  —t_ , withthe norm of the

. L 1
partition ||7Z'n||=rr}3ax 1., Where ||7zn||%0 as n — oo. Forsimplicity let 7, =—.
o M, -
Set G, (2)=9;,°91,°°9.,(2), G,(z)=G,, (z). Here, acontourin C,

[%i'f{zk»n}zzl’ Zistn = Zicm +%qp(zk,n,§)] results with initial point z=2,, and
1 n
ﬂ’n(z) = Gn,n(z) —ZI= ; Z¢(Gk—l,n(z)’%) ’ GO,n(Z) =z .
k=1

1
For convenience set l//(z,kj = (D(Gk,n(z),f), with Iw(z,r)dr defined :
n 0

n n n

1
G, (2)~z2 :l,/,(z, 1J+lw(z,gJ+lw[z,§j+---+ll//(z,ﬁj - [y (z0)dr =A(2)
n n n n n 0

The existence of this function (and the “virtual” integral) is equivalent to the convergence of the

contour, which may be describable in closed parametric form when % =@(z) or

=
dz

T (z,t) has an exact solution, Z(t): ﬂ(zo):zjw(zo,t)dt:I¢(Z(t),t)dt:Z(1)—Z(O)

~4 ~



In a very rough sense this is true because

1 Az, dz
Zk+l,n =Zk,n+;.¢(zk,n'%) = T’zﬂzk,n’%) = E=¢(Z,t]

The Picard—-Lindel6f theorem implies unique solutions of these differential equations — under certain
restrictions - so that the contours terminate properly .

The virtually unpredictable images that follow are examples of weak emergence emanating from infinite
compositions far more complicated than simple iteration. They are topographical graphs in which the
contour lines represent constant moduli. Dark indicates very small moduli and light very large moduli.

Example : @zqo =§+% ,

e _ @, =xSin(y)+iyCos(x) = /1(0)0)=j.l/lz(a)0 ,t)dt

dte '*

dt

Plague doctor



k1
Example : ¢(z,£)=xCos(y)+1ySin(x)+—-—. For gkn(z)=z+l-¢(zo,%) ,as n— oo astandard Riemann
n z ' n

. . . 1 . . .
contour integral is defined for each z, . However, g, ,(z)=z+—-¢(z,£) produces a virtual Riemann integral
’ n

for each z, from the sum A (z) = l~Z:(0(G,(_Ln(z),§) .
n =

2. Riemann Integral [-10,10] 3. Virtual Riemann Integral

Example: ¢(z,t)=e”. Here Z(z,t)=z—-Ln(1—-e’t) and l//(Z,t)=eZ/(1—eZt).

1
Thus /l(z)=Ln(1 1 ZJ. [-10<x,y<10] and [-1<x,y<1] ﬂ(z)=IW(z,t)dt:
0

Minnows in a stream



Example : ¢(z,t)=xCos(y(t+1))+iySin(x(t+1)), [-10,10], n=30

1 n
(a) Then= (b) T n =; ’ gk,n(z)=Z+77k,n '(D(Z'% D A= an,n 'qo(Gk—l,n(Z)’%)
=1

1
F ’

(a) (b)
Demonic possession
Consider g, ,(2)=z(1+1¢(z,%)), 1<k<n and g,,(z2)=(1+1¢(z,1)). Then
G n(2)=Gp°Grrp o2 91n(2) =] [(1+190(G,_, ,(2),%)) , an infinite product (as N — o).
k=1

Settlng Pk,n (Z) = %¢(Gk—1,n (Z)’%) ’

=
-

(14P,,(2))=1+P, (2)+P,,(2)+-+P_, ,(2) + R,(z), with the Riemann-like sum

1

=
I

1
Pl,n(z)+P2,n(Z)+“'+Pk—1,n(z) - J.ﬂ'(z;t)dt
0




100

Example : ¢(z)=xCos(y)+i- ySin(x), H(1+Pk’n(z)), [-15,15]

k=1

Mystical hives



Example : ¢(z)=xCos(y)+1i- ySin(x), Z(z):_[ﬂ'(z,t)dt—z, [-15,15]

Picasso’s dilemma



Continued fractions of an elementary nature. Nth approximates

Example : F(z):i

z _z
1+ 2+

, [-20<x<20] , n=40
34-.-.

Anxious billiards
2 2 2 2
Z Z Z Z
Example : F,(z)=q— 35— 35— ..
nt at at n

[-10,10] and [-1,1], n=50. W (z)=F, (z)-z:

Wormhole

~ 10 ~



P(G,_,(2))

Set g,({)= 1 (G, .(2)-C z&{eS, g,({)eS forasuitably well-behaved p(z).
Form Gk(z)=‘2:g].(0), Ei_r)an(z)zG(z).

We have Euler’s equivalent (reverse & self-generating) continued fraction:

G (2)=—P0us(2)) PG, ,(2)) pG,(2)) Pz,
T 1462 1+p(6,,(2)- T 1+p(G(2)- 1+p(2)-¢”

Abbreviate p, = p(G, ,(z)).Then G,(z)= 1i"5(z() X Sn(z)=zn:(ﬁpjj =a,(n)+a,(n)+---+a,(n)
n zZ k=1\_j=k

If a,(n)—a,,

ak(n)| <M, ZMk <o, Tannery’s Theorem will insure convergence of S (z).

Example : p(z)= p(x+1iy)=xCos(y)+iySin(x), [-15,15], n=30, S,(z):

Dreams of gold

~11 ~



A variation on the contour generator produces a self-generating series whose terms are

continued fractions:
ﬂnﬂz'% 1
gk'n(z) =z+—"=, n =—.
z n

‘ﬂ&)—z=m(£QZLj+m[fgiﬁfﬁﬂl+u“+m[¢U%¢JZT?DJ
VA

G (27 G, (z,=

1
=np(2,2) vy, 2+ ny(z,50) - [p(z,0de
0

1
Eg., G3(Z):Z+n3¢(z' 3)+ 773(0(61,3(23) 4 773¢1)(G2,3(Z))
2 mn) nezs) | oG (2)
z z o, TBPZ5)
VA

1
Example : ¢(z)=xSin(y*)+iyCos(x*), [-10,10], n=40, I‘(z)=z+jy1(z,t)dt:
0

Double vision

~12 ~



40 X + 1y

Example: F, (x+iy)="R , 20<x,y<20

vy | 1+ % (xCos(y) +iySin(x))
1
Z_k .

2

f@)=z+n,-p(zn,), 1=

Reproductive universe (1)

~13 ~



Example: F, (x +1y) = 74% X+1y
0 1 \ 1+ (xCos(y) +1ySin(x))

1
f2)=z+n,-0(z,1,), n, :?:

’ ['20r20]1

Reproductive universe (2)

~14 ~



’ [-ZOIZO]I

k=1

Example: F, (X +1 )_14%, XLy
ple: F,x+1y)= 1+ (xCos(y) +iySin(x))

1
f2)=z+n,-0(z,1,), n, :F

Reproductive universe (3)

~15 ~



Example : G (X+i)’)=.4£: e
sy =1+ 4—10(COS()/) + iSin(X))

J, [-20,20], n=40

fi(z2)=z+n,-9(z,n,), n, :1. This is a virtual integral.
n

Kissimee

~16 ~



Example : G, (x +1y) = £

k=1

1
, [-20,20], g,(z)=z +? -0(z):

40[ X +1y

1+ (xCos(y) +iySin(x))

Metropolis from 30k

~17 ~



20 : +i C
Example : G(x+iy)=L xSin(y)+iyCos(x)

, —20<x,y<20

k=1 1+271k(xe4-Cos(y)+I:ye4-Sin(x])

Diamonds on velvet

~ 18 ~



0( 2 1
Example : Gzo(x+iy):k1=:1 W-i_; , —10<x,y<10

Nuclear waste of the mind

~ 19 ~



Fixed-point continued fractions have the form

apf _ap

0!1+,51— a2+,82—

akﬂk
& +:Bk - é’
the continued fraction then can be written F,({)= f,o f,o---o f ({). If &, =, (2) and
B.=p5.(2), wehave F (z,{)=f,of,0--of (2,{). Normally, {=0. These continued

where «,,f3, are the fixed points of the function f,({)= . The nth approximant of

fractions converge if |a'k(z)| < ,0|,Bk(z)

, p<1l.

Example : ¢, (z)=xCos(3)+1ySin(x), S, (z)=xCos(y)+iySin(%), 0<x<18, n=30

Strange thicket

~ 20 ~



Set T,,(8)=fi o fisa o0 f,({), then form the (virtual) Riemann sum,

T (0) = %-irkn(m - jT(z,t)dt:,i(z)

Example : a, =xe“U/ +i. ye™"™, B =277, -4<x<-1, n=30 A(z):

The Ring of the Nibelung

~21~



A self-generating continued fraction:

Consider
o (=£E) PGE) PGE)  pGE)
o, + O, + o, + 0,4
D) o p2) _ p
Where G,(z)= 5 , G,(2) 5+p(Gl(z))’G3(Z) - 2(G.(2) , etc. ,
S, s 1 PG

53
With p(z) analytic in a region described below.

(G.(2)

k+1

Write T, (@)= L)) Then CF(z)=T,oT, o---oT (0).

Suppose now that |@<R and for ||

<M ; and in addition |§k| >R+@.

Then for each k and relevant z,

<L<R
1+¢

Thus the conditions of theorem 3 are met, and for each z we have CF,(z) > A(z):

~ 22 ~



Cos(x) v Sin(y)

5 - , 0=10. [-10,10], n=30
1+Cos(3)+sin(3)  1+Cos(2)+ Sin(s)

Example: p(z)=

Quantum code (1)

~23 ~



Cos(x+Y) s Sin(x+y)

) - , 0=10, [-10,10], n=50
Cos(3)+Sin(%)  Cos(3)++Sin(3)

Example: p(z)=

Quantum code (2)

~24 ~



Cos(x+y) L Sin(x+ y)

Example: p(z)= [-10,10]

Cos(y)+ Sin(x) Cos(x)+Sin(y) '

Symmetry in red

Codependent contours: “Weave” two contours as follows:

Zin = Zk-1n +ﬂn¢1(§k—1,n) and gk,n = ;k—l,n +ﬂn¢2(zk—1,n) ,
analogous to the system

dz _ dag _
E—¢1(§) and dt _¢2(Z) .

The idea can be extended to larger systems.

~ 25 ~



Example : % =,({,t)=vCos(r)+izSin(v), {=v+it, % =@,(z,t)=2"=(x* - y*)+i2xy
1 1

Na)= jyfl(a,t)dt : Na)= jyfz(a,t)dt : [-10,10], n=30
0 0

Mystical moths

~ 26 ~



dz 1
E I . _— =—, =
xample o (pl(g’) ; ”

< (02(2):%, [-.1,.1], n=50. A(a)= jyxz(a,t)dt:

Electrostatics (magnified)

~27 ~



2
d§=¢2(2)=%- dﬁ:%(z(b@, [-1.5,1.5], n=50

1
Exampl
xample: —=¢,({)= 7 @ ”

Ae) = j v, (a,t)dt: (rotated)

Firebird

cOs(02 +zﬁSm(ﬁ) f=atrip, _§_¢2(z) , 15,1]

Example : % =g (a+if)=

Jet propulsion

~ 28 ~
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The images were produced by graphics programs | have written in at least two versions of BASIC.

~ 29 ~



