A Primer on the Elementary Theory of Infinite Compositions of Complex Functions

John Gill Spring 2017

Abstract: Elementary means not requiring the complex functions be holomorphic. Theorem proofs are fairly simple
and are outlined. This is a brief compilation of such basic results, with examples, prefaced by three fundamental
theorems about holomorphic functions.

Beyond simple iteration of a single function, or even a finite sequence of functions, results
appearing here refer to the following:

Inner compositions: F (z) = :}n{fk (2)=f,of,0of (2), F(z) = hm Rfk , or
k=1

F@)=Ra@= 0 o o2 02 F@) = I R, )
k=1

Outer compositions: G, (z) = £gk (2)=g,°9, ,°°9,(2), G(z) =lim £gk (2), or
k=1 =33

Gn(Z) = Lgk,n(z) = gn,n ° gn—l,n Orero gl,n (Z)' G(Z) = lnl};]g Lgk,n (Z)
k=1 k=1

As background, we begin with three fundamental theorems for analytic functions. By requiring
analyticity, Lipshitz contraction, a frequent condition for iteration convergence, can be
replaced with simple domain contraction. Schwarz’s lemma is key to these results.



Theorem 1. (Henrici [1][1974]) Let f be analytic in a simply-connected region S and continuou

on the closure S of S . Suppose f(§) is a bounded set contained in S . Then

F(z)=fofo-o f(2)="R f(z) — «, the attractive fixed point of f in S .
k=1

Example: f(z):%(222+1), S:(|z|<%j. Then F (z) — azl—\/%.

For Inner compositions, there is:

Theorem 2 : (Lorentzen [2][1990]) Let {fn} be a sequence of functions analytic on a simply-

connected domain S and continuous on the closure of S. Suppose there exists a compact set

Qc S such that for each k, f,(S)cQ.Then F,(z)=f o fyo--o f(2)="R fi(z) - «,a
k=1

constant, uniformlyon S .

1+

Example: The simple continued fraction 1
+

. is generated by

fk(z):la"g, F(z)=f,o fyoo f,(2). If |{|<1, |z]<R<1, then
+z
a|<pR(1-R) = fn(z)|<,0R,p<1. For example, R:% implies

F(z) - a({) for |§|<1.

For Outer compositions, there is:

Theorem 3 : (Gill [3][1991]) Let {gn} be a sequence of functions analytic on a simply-

connected domain D and continuous on the closure of D. Suppose there exists a compact set
Q c D suchthat g (D)c Q for all n. Define G, (z)=g,°9, ,°-°9,(2z). Then G, (z) >«

uniformly on the closure of D ifand only if the sequence of fixed points {o.} of the {gn} in

Q converge to the number .




z z

c €

eZ
Example: let G(z)= 4 8 12
3+z2+34+z2+34+z2+

fraction equation G(a) = o in the following way:
e’/4n
3+z+¢&
G,(z) = g,08,,°-og,(z) starting with z=1. One obtains a0=.087118118--- to ten

, Where |Z| <1. We solve the continued

Set t (&)= ; let g (z)=t,ot,0---0t (0). Now calculate

decimal places after ten iterations.

Additional theorems on entire functions appear in the addendum. The results that follow do
not require analyticity. Some of these appear in [4].

Theorem 4: Let {tn} be a family of complex functions defined on S, a simply-connected

compact set in C , having the properties ¢ (S)< S and tn(zl)—tn(zz)| < ,0|Z1 -z,

, p<1, for
all n, uniformlyon §. Set
G,(2)=t,ot, joot,(z) and  F,(2)=t, ot 0 ot,(2)
Then F,(z)— Be€ S uniformlyon S. If t (&,)=¢,, the unique fixed points of ¢,
G,(z)— o uniformly on S if and only if |0{n —a’|=€n —0.

Sketch of proof :

Fon(2)=F(2)<p"|z~t, 0 -ot,,,(2) < p" - Diam(S) =0 implies

F(z,)— 8. Also

Fn(z)—Fn(ZO)|%0 uniformly on S. Next, Set o, =¢, +¢,,,. Then

G,(z)-a|< p’

n-1
z—a'1|+gn+2(p"‘k0'k)%0, n—oo. Toshow G,(z) - a uniformly
k=1

onSimplies &, — a , assume there exists {ank}k ) such that

o —a‘>r>0. Now

m

suppose n is sufficiently large that |Gn(z)—a'| <€ for e< 1_’0 -r. For n, >n+1
+p
G, (z)-a, |<p Gnk_l(z)—a‘+p‘a—ank < p£+p‘a—ank and

G, (2)-a, ‘ > ‘a— a, ‘ —‘Gnk (2)- a‘ . Therefore ‘Gnk (2)- a‘ >(1—p)r—pe>e (- )#




Example : tk(z):%xﬂ[ k y_lj, S:{z:|x|<1,

1
1k+1)” 8 y|<1}.Thus ,0—5,

7
t,(2) <3

Then F (z)—-14384104i, n=20 and G, (z) = a:—%i , slowly.

Theorem 5: Let S be a bounded simply-connected domain and
t,(S)cS, t(a)=a,€S, o, —>acS. Furthermore, assume

, p<1, Vk.
Set T (z)=t,ot, ,0---ot,(z). Then T (z)— a uniformlyon S.

t(2)-a|<plz—e,

-1
z—a|+n2(p”"‘gk) =0, &=t~ | #
k=1

Sketch of proof: |Tn (z)- a'| < |a'— Otn| +p"

Example : t,(z) =%(z _Lij +

i = T(z)—i
k+1 «(2)

k+1

Theorem 6: Suppose g,(z)=z+p, - ¢(z) where there exist R>0 and M >0 such that
|Z|<R = |p(z)|<M . Furthermore, suppose p, 20, > p, <o and R>M-) p, . Then there
1 k=1

exists 0<R*<R suchthat G, (z)=g,°9,,°-°9,(z) — G(z) for {z:|z|<R*}.

Sketch of proof: Assume momentarily that R* exists. Then

|gn(z)|s |Z|+,0nM < R*+p M
:gn+1o'gn(z)|S |Z|+M(pn+pn+1) < R*+M(pn+pn+1)

n+m =)

Goim © Grsms 09, (2)| < |2+ MD_p, < R*+M)_p, < R*+M)_p,
k=n k=n k

=1

with R¥*< R-M) p,. Next,
k=1




,.,(2)~G,(2)|=
G,.,(2)-G,(2)|<

gn+1 (Gn ) - Gn
gn+2 (Gn+1 ) - Gn+1

< pn+1M
gn+1(Gn) - Gn

+

< (pn+2 + pn+1 )M

Gn+m(z)—Gn(z)|<M-Zpk —0 as n—oo
k=n

There is no requirement that ¢ be analytic or even continuous, merely that it contract as
described. #

Example : 9.(2) =Z+3—1k(xCos(y)+inin(x)),

zZ<R=1 = |g(z)<M=1= R =1,

Therefore Zpk :% ,
1

N

Hence G (—.1+.4i)=-.12440508+.38950871i, n=20.

Theorem 7: Suppose f (z)=z+p,-¢(z) where there exist R>0 and M >0 such that
|z|<R and |§|<R = |(0(Z)|<M and |(o(z)—g0(§)|<r|z—é’| . Furthermore, suppose p, 20,

Zpk <o and R>M'Zpk . Then there exists 0 <R*<R such that
1 k=1

F(2)=f,o fyo-0 f,(z) = F(z) for {z:|z]<R*}.

Sketch of proof: (similar to the previous proof)

fn+m(z)_Z| < Mpn+m = ﬁ1+m(z)| <R *+Mpn+m <R
f;’+m‘1 ° f;"*'m (Z) - Z| S fn+m—1 (f;H—m (Z)) - f;1+m (Z)| + f;1+m (Z) - Z| < Mpn+m—1 + Mpn+m
Srim © fum(Z) <R*+M(p,,, 1 + P, ) <R

=

n+m

fnofn+1 0"'0fn+m(Z)—Z|<M'Zpk
k=n




Next, for R*< R—Mz,ok,

n+m

Srom® Frema o0 £(2)= 7| < M'ﬁ(1+rpk)- > p.=M-S,(m)

k=n+1

n+m(Z) F(Z)|<H 1+rpk

With S (m)—0 as n—o. #

Example :  f,(z)= z+3i(Cos(x)+sz(y)

zZ<R=1 = r=1

= |p(z) <1 = R*:%. F(z)—.14971038+.50302079i, n=20.

Theorem 8: Suppose t,(z)=z(1+p,9,(2)). Then set

(1) Gn(z):Z'H(1+pk¢k(6k—1(z)))J Gy(2)=2, G (z)=t, ot,_ oot (2) and
k=1
1

) E(2)=2[](1+ 2 Fin(2))), B n(2)=2, By (2) =ty oty 0008, (2) with
k=n

|Z|<R = |(0n(z)|<M , ipk <oo. Then there exists 0 < R*< R such that S:{z:|Z|<R*} =
1

G (z)—>G(z). If, in addition,
Both uniformlyon S .

g <r|z1 -z,

R
1+pM

Sketch of proof: |t1(z)| <R (1+pM)<R & R <

<RTJ1+pM)<R = R*<ML. Thus
1

H 1+pM
1

G,..(2)-G,(z) < MRZ P, —0, n—>e. And

F,..(2)- F(Z)|<H(1+,0k (M +rR))- MRZpk 50, n—soo.#

k=n+1

Example : gk(z):z( 21 (xCos(y)+1ySm(x)j

<R=1 = |p(z)<M=1

oo

H(1+2%Mj<2.4 = R <42 ; G,,(.2+.31)=.218362+.377394i .
k=1




Example : Expanding functions as infinite compositions [6] frequently involves a special case of
theorem 8. For instance, F(Z) = e” —1 can be expanded by writing F(2z) = F(z)(F(z) +2).

This leads to e” —1+R{Z+2k+lj 1+R( [ ZMD

k=1

1 —4.z

2T (1+‘/1+2;%1z)2

o 1 ZZ
Example : Tan(z)= z|1+—-
ple: Tent) ?’?{ { v LJN

2

Example : ArcTan(z)= [°| z 1+ik- —Z

2
ket 4 (1+4/1+f}—i)

Example : Ln(z+1)= [| z| 1+
k=1

- 2
Example : Sin(z)=1% z| 1+ i . [;}

) _ Pl2) T
Theorem 9: Let tk(z)_pk(z)+1—z Set Pn(z)—gpk(z).
For G, (z)=t, ot, oot (z) , set Sn(z):i(ﬁpj(z)}
Then G, (2)= S.(2)(1-z)+zP,(2)

S (2)(1-z)+1+2z(P,(2)-1)

For F (z)=t,ot,o---0t (z) , set Tn(z):i(ﬁpj(z)j.

T()(1-2)+ 2B,

Then B ) = (=) 1+ 2(P.(2)-1)




Comment: When the p,(z)=p, Vk are constantsand z=0 this formula reduces to Euler’s

equivalent (reverse and forward) continued fraction. The proof is purely computational. As a
reverse continued fraction the expansion is self-generating.

p, z#1
1, z=1

Example :  p (z)=p, p| <1 = LimF/(z)=LimG, (z)= {

)

n k
, z#1 Lim |, z#1
Example : p,(z)— p, p|<1 = LimGn(z):{'f , LimF (z)=4 no= ;[Hpjj
n—sco VA n—oo

Example :  p,(2)= () Cos(x)+i(:%)* Sin(y), z=.3—.4i

k+1

Gio000(2)=.73899-.003i, F,),,,(2)=.44669—.00647i

Theorem 10: Let {fn} be a family of complex functions defined on S, a simply-connected
£z~ ()< plz, - 2,
all n,uniformlyon S. Set F (z)=f,o f,0---o f,(2z). Consider now a sequence {fkv"}lngn such
that %irg fin(2)= fi(2) uniformlyon S. Write F,_ (z)=f,,°f,,°° fi.(2).

Then %iran’n(z):%iran(z):/l for ze S.

compact set in C , having the properties f (S)c S and , p<1, for

Sketch of Proof: The convergence of F (z)=f o f,0---of (z) is easily determined.

F(2)=F,, (2)|=|f oo fi(2)= froo o (fr oo frp(@)| S |2 fruy o0 £y (2)] >0

And

F(2)-F,(2,)<p"

z, —Zz| —0. Set Z,, =f,.1,° 200 °f,.(2). Then

F,(2)-4=F,,(z,)-4<|F,.(Z,)-F,Z,,)

+|F,(Z,,)- 4|

For the second term in the inequality, choose and fix p sufficiently large that ‘Fp(z)—l‘ <§ for

&
all ze S. For the first term, choose n sufficiently large to insure ‘Fp_n(z)—Fp(z)‘ <§ . This is

true since a finite composition of functions of the type described above, converging uniformly
on S, will also converge uniformlyon S . #




Example : Fn(z):pn%{ P06 P8 pnang’ pn=1—l. fkn(z):p,,ak{.
1+ 1+ 1+ 1+2z n ' 1+z
a,d 1
fkn(z)afk(z):1 . Suppose |Z|<R<E' a|<R, |{|<R and. Then ‘fkn(z)‘<R
’ +z ’

and |f,,(z,)~ fo,(2,)|<r|z, ~ 2,

, r<1. Also \fkn(z)—fk(z)\de-1 — 0.
’ n

Therefore LimF, (z)=LimF,(z)=A(¢).

Theorem 11: Let {gk_n} be a family of complex functions defined on S, a simply-

1<k<n
connected compact setin C , having the properties g, ,(S)cS and

‘gk,n(zl)_gk,n(zz)‘<p|zl_ZZ , p<1,1<k<n. Write G, (z)=9,,°9:1,° " °9:,(2) and

let {e, ,} be the unique fixed points ¢, , =g, ,(@,,). Suppose @, K — & and

‘a'k,n—akﬂ_n <g,—0, 1<k<n-1. Then,for ze S, G,(2)=6G, (z2)> .

n-1
. n n—k
Proof: |G,(z)-a|<p"|z—a,,|+ D p ‘ak,n_alﬁl,n +an,n—a‘
k=1
o pe,
<p z—a1n+1—+ a,—0o — 0 as n—oo. #
At

Observe that it is not necessary that o, , > :

Example : gkln(z)zé(z+kj . Then |z|<R, 1<R = ‘gk’n(z)‘SR. And
n

n—k
n

L LT —1 Vk fixed, whereas

:l:gn_>0 and a’knzkﬁo Yk fiXEd, an—kn:
n ©on '

a,,=1. Computer evaluation gives G,,(2+3i)=.9+.003/ and G,,(2+3i)=.99.




Theorem 12: Let {fkv"}1<k<n be a family of complex functions defined on S, a simply-

connected compact setin C , having the properties f, (S)cS and

‘fk,n(zl)_fk,n(ZZ)‘<p|Zl_ZZ ’ p<1' 1Sk£n . Write Fk,n(z):f‘l,nOf‘Z,no.“Ofk,n(Z)

and let {«,,} be the unique fixed points¢, , = f, (¢, ). Suppose @, ,—«a and

‘ak,n - ak+1,n

<g,—0, 1<k<n-1. Then,for ze S, F, (z2)>«

Proof: ‘Fnln(z) — 0{‘ <p"

Z— C(nln

n-1
k
+Zp ‘ak,n i1 +‘a1,n _a‘
k=1

| _PE,
1-p

<p' +‘a'1_n—04 — 0 as n—o. #

z—-a,,

Example fk,n(Z):%(Z"‘l_Ej- |Z|SR, 1<R => ‘fkln(z)‘SR,
n

&~ Aq =¢,—0, a,,=1-——1 Vk fixed, whereas «,_, , =1- -0 Vk

1 k n—k
n n n

fixed, and a,, > a=1.

Theorem 13: Suppose g, ., (z)=z++¢(z,%), peC(SxI), I=[0,1],ze S=g,,€S
Set G,,(z)=z, G,,(2)=9,,°91,°°9:,(2), G,(2)=G,, (2). Then

G, (=223 0(G () =Y Wz ) = [p(zndr = 2(2).

Comment: This is simply a discrete analogue of % =¢(z,t), 0<t<1, having an exact

solution, Z(t), by inspection or under certain conditions described in the Picard-Lindel6f

theorem. Then A(z,):= jl//(zo,t)dt = j-(p(Z(t),t)dt =Z(1)-z,.




Example : Let gk’n(z):z+%(2§zz), z#0. Then

dz z

z
Z=p(z,t)=2tz* = Z(t)=—2— = A(z,)=
o (2,t) (t) Py (z,) 1

0

Zy

Zy

Addendum & References:

Theorem (Kojima [5][2010]) Consider entire functions f (z)= Z+Z:cmzr with complex
r=2

coefficients. Set C, = sup {cmr r"} . Then the convergence of the series ch implies
r=2,3.4... n=1

f(z)= %fﬂ(z) exists and is entire.

Theorem (Gill, [4][2011]) Consider entire functions whose linear coefficients approach one:
Let f (z)= a,z + az,nz2 + o+ ak,nzk+ -, where a, =1,

and ‘akyn

<ps! with ) p, <oo. Set g =

a, —1| with ZEH <oo,and O, =

an

Then lim(f of,o---of (z))=F(z), entire, with uniform convergence
n—oo
on compact sets in the complex plane.

Theorem (Gill, [4][2010]) Consider functions g (z)= anz+cn,zz2 +cn,3z3 +-+- with complex

coefficients. Set p, = sup {cn,r ﬁ} and € =|a, —1| with Zen <oo |f
r=2,34..
)
<—2="2 — wh 0 <oo, 146 )< M, , I+ )<M,,
pn RMIMZ where Z n H( n) 1 ( n) 2

Then G(z)= lim(gn og o---ogl(z)) exists and is analytic for |z|<R . Convergence is uniform

on compact subsets of (|z|<R).



P (2)

Image on page one: From Theorem 9, t,(z)=——"—"—,
p(2)+1-z

0,.(z)=xCos(y*)+1iySin(x*), G (z)— G(z), [-5,5], n=50
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