An Observation on the Padé Table for i+ x and the simple continued fraction
expansions for +2, /3 and /5.

By J H McCabe.

Abstract. The main staircase sequence Padé approximants for i+ x are
shown to yield the convergents of the simple continued fraction expansions of
V2 and /3 whilst another ordered sequence of Padé approximants are shown

to provide the convergents of the simple continued fraction expansions of /5.

1. The Padé Table. The Padé table | see figure 1] of the formal power series

0

f) = Dext, ¢y =0, (1)

is an infinite two dimensional two dimensional array of irreducible rational

functions

AL (X)) aptax+ax’+..+a, x"
Pn’m (.X)= = 5 —,
Bn,m(‘x) ﬁO +ﬁ1x+[)’2x + ...+ /))nx

in each of which the coefficients are such that the expansion of P, ,(x) in

m,n=0, (2)

powers of x matches that of f{(x) as far as possible. The power series and its

associated Padé table are said to be normal if

P, (x)= Ec x* + higher order terms,
k=0
in which case every element of the table exists and is different from any other
element.
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Figure 1. The Padé table



There are several methods for transforming a normal series into its Padé table, including
variations of the quotient difference algorithm, techniques which exploit the close connection
between the Padé table and various continued fraction expansions that correspond to the
series (1). One such algorithm is the following, developed for transforming two series

expansions into two point Padé approximations but applicable to the standard Padé table.

Set d’ = ¢ f for j=1,2, ... and use these ratios as starting values for the

j-
rhombus rules

Jo_ o+l j+ j
n,, =n_ +d' = -d,

4

T (3)
dij:il = nij:il x dzj + ni]+1
fori,j=1,2,3,...with n' =0 forall jand d =-n, fori=2,3, .....
The elements generated column by column form the n — d array shown in
figure 2 and it can be seen that each recurrence connects four elements that
form a rhombus.
d ny, d, nydy n,d, ...
d> n; d; n.d; n;d, ..
d’ n; d; nid, n]d; ...
d' n) d, n;d; njd, ..
Figure 2. The n — d array
The convergents of the continued fraction
k k k
Cot C X+ .k x + Ckxk nz)i nﬁ 4)
l+d xt1+d,xt1+dx+
fork=1,2,3, ... are the Padé approximants P, , P,,_,, P, ,, P, ,....., that is

those on the (k — 1)th row of the Padé table. In fact the n — d array contains all
that is required to construct the continued fraction whose successive
convergents form any chosen sequence of Padé approximants, provided that

each member of the sequence is a neighbour of the previous member in the



table. These include row sequences, staircase sequences, saw tooth sequences
and battlement sequences. See McCabe [ 1 ] for details.

The starting points for constructing the continued fractions are three term
recurrence relations linking the numerator and denominator polynomials of trios

of adjacent approximants, such as the following.

P, P, P.y, Py (x) =1+ dli'x) P (x)+ niﬁlxpi-l,j(x) (51)
P " y .
HF1 P, (x)=P_(x)+ (n/; +d/HxP,,_ (x) (5ii)
I)i,j f)i+l,j
P, P. .
Hj Tk P .(x)= P (x)+ n,ﬂrllei_Lj(x) (5111)
P

i, j+

The relations (ii) and (iii) used in turn repeatedly provide the continued fraction

cx dix nix (n+d)x nix (nf+dj)x njx
CO+T+1+1+ 1 + 1 + 1 + 1 +..

(6)

whose convergents are the staircase sequence P,,,P,,, P, P,,P,,, P, 3, Py 5, ...

(Note, these relations must be applied separately to the numerator polynomials
and the denominator polynomials of the Padé approximants.)

2. A continued fraction for i+ x .

The Maclaurin series for the function v+ x is

e (A B -3

ra 1x3x5x .. x(2r-3) forr> 1.

1
where ¢, =1, ¢, = 5 and ¢, =(-1) >
r!



The n — d array for this series begins

dﬂ n{ dg ng dj nj dj
-1/2  3/4 -3/4 5/6 =5/6 7/8 -7/8
1/4 3/12 -1/6 5/12  =3/8 21/40 -1/2

3/6 3/24 1/8 10/40 -1/10 21/60 -1/4
5/8 3/40 3/10 10/60 1/12 21/84 -1/14
7/10 3/60 5/12 10/84  3/14 21/112 1/16
9/12 3/84 7/14 10/112 -5/16 21/144 1/6
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It is easily established that

PPN k- ik Y (R (o ) )
2(i+ j-1) L2+ -2+ j-1)
fori=1,2,3,...andj=1,2,3, ...
Clearly when j =i
i (-)@i-1) 1
T202i-2)2i-1) 4
and whenj =i+ /
n[+1+di+l=(i—1)(2i—1)+ 1o i1 11
" LO2Qi-D@i) 220 4i 4i 47
The continued fraction (6) then becomes
VTIT;=1A-X/2 x/4 x/4 x/4 x/4 x/4 x/4 )

1+ 1 +1 + 1+ 1+ 1+ 1 +..
or, equivalently,
arcle X X X x x x x
2+2+4+2424+42+2+2+...

Setting x = 1 in the right hand side yields

11111111111 11T1T1F1:1
I+- - - - - - -/ - - - - - - = = — =

2¥42+2+2+2+2+2+2+2+2+2+2+2+2+2+2+2+...
which is of course the well known simple continued fraction for v2 . Hence the
Padé approximant values P, (1), P, (1), P, (1), P, ,(1), P, ,(1), P, 5(1), Py (D), ...... are the

successive convergents of the simple continued fraction for 2.



If we set x = 2 in the expansion (8) we obtain

2/2 2/4 2/4 2/4 2/4 2/4 2/4
* 1+ 1 +1+1 +1+1+1 +.

or, equivalently,

| 1111111
I+ 41+ 0+ ]+ 0+ ]+

which is the simple continued fraction for the left hand side, namely V3 . Hence the
Padé approximant values P, (2), F,,(2), P,(2), F,,(2), P, ,2), P,5(2), P;5(2), ...... are the
successive convergents of the simple continued fraction for /3.

Clearly there are no other integer values of x for which (8) will yield a simple

continued fraction directly , though of course setting x = 4 yields the expansion

2111111
VSl T T T T

from which the simple continued fraction for the reciprocal of the golden ratio,

namely

¥ -1
2

—_ ] —
—_ | —
—_— ] —

Tl
+1+1+1+1+1+H1+
is easily obtained. The convergents of this expansion are not values of a sequence of
Padé approximants.
However, we can obtain the simple continued fractions for m and 1+ %\, ,

where N is a positive integer, from (8). They are, respectively,

1 1 1 1 1 1 1
e Vo1 = — - — - — 9
/Q 2N+2+2N+2+4+2N +2+2N +... ©)
and
1 1 1 1 1 1 1 1 1
1[1+2 =l+= = = = = = = - — . 10
/Q N+2+N+2+N+2+N+2+N+... (19)
We can use these expansions to obtain simple continued fractions for further

integers by setting N =m** for m an integer greater than unity and k=2,3,4, ... .

We obtain

ﬁ+nfk=nﬁ+ 1 1 1 1 1 1 1 1 1

2m* +2m* + 2m* + 2m* + 2m* + 2m* + 2m* + 2m* + 2m* + ...
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mE +2m* + m* +2m* + m* + 2m* + m* + 2mF + m* .

and



A particular case of the first of these is when m = 2 and k = 1, yielding

I 11111111
V5=24— — = — — = — — = . 11
4+4+4+4+4+4+4+4+4+... (1)

The sequence of convergents of this continued fraction begins

2, S = == e (12)

and it was observed that these early convergents are the values of a sequence of Padé
approximants for +/1+ x evaluated at x = 4, namely

P (4),P,(4),P, ,(4),P;(4),P,;(4),Ps5(4),P,,(4),..... (13)
It is now proved that the infinite sequence of convergents of the continued fraction
(11) are this sequence of Padé approximants continued indefinitely. The above
Padé approximants, are alternate members of the sequence
F(4),P,(4),P,5(4), P;5(4),P, ,(4), P, 5(4),P; (4), P (4),P;,(4), P; 5(4),P; 5(4), Py 5 (4), P4 (4), ...

whose values are

7 718 29 76 123 322 521 1364 2207 4578 . (14)

The reason for multiplying and dividing the odd even members by the two will be
seen in what follows. These approximants can be seen in parentheses in the table

below

PO,O I)I,O P2,0 PS,O P4,0 PS,O P(),O P7,0 PS,O P9,0 """" ‘Pn,O """

P, (P,) P, Py, P, P P, P, PP, ... P

2

(Pu) P, P, Pb,P,P,P,P,P,..P, ..

2

Rs(gJ(Rm)asagﬂsgsasgs ----- -&3 -----

2

Pl,4 P2,4 P3,4 (P4,4) P5,4 P6,4 P7,4 P8,4 P9,4 """ 'Pn,4 """

2

Ps Pys Py gﬁ)ﬂ5&555%5g5 ''''' Pys e

2

})1,6 P2,6 P3,6 P4,6 (PS,()) (P(),()) P7,6 P&() P9,6 """ ‘Pn,() """

2

})1,7 P2,7 P3,7 P4,7 P5,7 P6,7 (P7,7) P8,7 P9,7 """ ‘Pn,7 """

P~

})1,8 P2,8 P3,8 P4,8 P5,8 P6,8 (P7,8) P8,8 P9,8 """ ‘Pn,S """

2T

})1,9 P2,9 P3,9 P4,9 P5,9 P6,9 P7,9 (P8,9) P9,9 """ ‘Pn,9 """



It follows that if we can derive the continued fraction whose convergents are
the sequence (14), and then show that the even contraction of this fraction is
(11), then we will have established that the convergents of the simple

continued fraction for /5 form the ordered sequence of Padé approximants

for V1+x ,evaluated at x = 4, suggested above.

Clearly the first three convergents are those of 2 +% % . We now prove that
+

the continued fraction continues

121111111 111T1T1:1

4+4+4+4+4+4+4+4+4+...
which is (11).
By making use of the three relations (5), each time using two of them and introducing
and then eliminating a neighbouring Padé approximant, we obtain the four further
relations below.
P () =+ nlix) Py 0+ (n/" 4 d/")aP, () (15)

P (x)=(+(nf" +d/ ™)) P (x)=n!(n/" +d}" )P, (x)  (15ii)

Py = {1 (nf + a0 )x} P o)+ nlixp, (0 (15iii)
P () =+ nlix) P (x)=nfi (nj"+d/" )P, (x) (15iv).

It is easily seen that we only require these relations in the cases when i= j, and also
verified that using the values of the n — d array given earlier and setting x = 4 these

reduce to

P (4)=2P (&) + P, (4) (161)
P(4)=2P_, (4)~ P, ,(4) (16ii)
P,;a(4)=2P,(4)+ P, (4) (16iii)
P,.(4)=2P,(4)~ P, (4) (16iv)

Now, starting with P,;(4)=2 and P,,(4) =% and then, in turn, (i) fori= 2,3,5,8...,



(i) and (iii) fori=3,6,9, 12, ....and (iv) fori =4, 7, 10, ..... we obtain the sequence
18 29 76 123 322 521 1364 2207 4578

8 13734755 144233 610 ~ 987 '2584°

which together are the initial convergents of the continued fraction

121111111 111T1T1:1

49 4 43 44 45 4y 47 Gy 4y Gy

peh b 4 4 4 4 4 Gy Gy
’ b+b,+b,+b,+b;,+b,+b,+b,+by+b+......
is
b+ ab, a,asb, a,asb,bg Uy 901Dy, -4Ds,
X .
bb, + a, - (b,b, + a,)b, + bya, —(b,bs + as)bs + b,ag — ...~ (by, 1by, | + Ay, )by, + by, 505, + ...

Applying this transformation to the above continued fraction yields

11111 11 11

A+d+4+4+4+4+4+4+4+.)
the simple continued fraction for /5 . The convergents are an ordered sequence
following a series of Knight’s moves in a chess board, indicated by those in

parentheses below.

PO,O I)I,O P2,0 P3,0 P4,0 PS,O P(),O P7,0 PS,O P9,0 """" ‘Pn,O """

P, (P,) P, Py, P, P, P, P, PP, ... P
P, P, P, P, P,P,P,P,P,P,..P, ..
Py, By (Pys) Pyy Poy Py Py Py Py Py Py .
Py, P, Py Py (Py)Psy Py Py Py Pyy Py .
Pys Ps Py Pys P,y Py PP P Py . Ps ...
Pyg P Pyg Pig Pig(Psg) Pog Prg Pyg Pyg oonnBy oo
Py, P, Py Py Py Py Py (Pry) Py Py onlPyy
Py Py Py Py P,y Py P P P Py . Py ...
Pyy By Py Py Py Piy Py Py (Pyy) Pyg oonnByy .

Hence there are ordered sequences of Padé approximants for +i+x which yield

the convergents of the simple continued fraction expansions of +2 and v/3 and +/5.



Are there such sequences which yield the convergents of the simple continued

fraction expansions of +/N for other integers greater than 5?
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