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Abstract: In the Banach theorem simple iteration of a single function converges to a unique fixed point. A variation
is described in which infinite sequences of functions are composed, uniformly converging to unique points in the
metric space analogous to the Banach fixed point.

We start with the

Banach Fixed Point Theorem: Let (X,d) be a non-empty complete metric space with a
contraction mapping t: X — X . Then t admits a unique fixed point @ =t(«). Furthermore, «
can be found as follows: start with an arbitrary element x, € X and define a sequence {Xn} by

x,=t(x,,). Then x, —»«.

And proceed to the following

Theorem : Given a complete and bounded metric space (X,d) Let {t,},_ be afamily of

functions ¢, : X — X such that d(¢,(x),t,(y))<p-d(x,y), p<1, forall k,and all x,ye X
Set

G (x)=t ot ,o--ot,(x) and F (x)=t ot,0- 0t (X)

Then F (x)— fe X uniformlyon X. If t (&,)=¢,, the unique fixed points of t_,
G,(x)— & uniformly on X if and only if d(a,,@)=¢, —0.

Proof: Write F, (x)=t, ot,, o---ot,(x). Then
d(Fer(XO)'Fn(XO))<pnd(XO'Fn+1,n+m(X0))<aniam(X)%O
Hence F,(x,)— 8. Next d(F,(x)F,(x,))<p"d(x,x,)—0.

Thus d(F,(x),B)<d(F,(x),F,(x,))+d(F,(x,),B)< p"Diam(X)+d(F,(x,),5) =0, n—e




For the second partset 7, =d(a, @, )+d (0,0, ) =11 11
Write  d(G,(x),a)<d(G,(x),a,)+d(a, o)< pd(x,)+d(a,2,). And

d(Gz(X)'a)Sd(Gz(X)'az)""d(alaz)<pd(G1(X):az)+d(a'a2)
< pd(G,(x),a)+pd(a,a,)+d(a,,)
<pd(x,a,)+pn,, +d(a,a,)
Similarly d(G,(x),a)<p’d( +22:(p 773k)+d a,a,)

Therefore, assume

,_;

n—

d(G,(x),@) < p"d(x,0)+> (0D, ) +d(a.a,)

1

=
Il

By induction

d(G,,,(x),@) < pd(G,(x), @)+ pd(a,a,,, ) +d(a,,,,)

<p"”d(x,a ) Z(,Ok“?],,k) ,O(d( )+d(a an+1))+d(a an+1)

k=1

n

:p”“d(x,a'l)+2(p 77,,+1k)+d( n+1)

k=1

The middle term is a null series, since S, ZGk ki1 Zak<oo b,—>0 = S, —0.
k=1

To show G,(x) = a uniformly implies ¢, — «, assume there exists {ank}:_ such that

1-p
1+p

d(a'm ,a') >r>0 . Now suppose n is sufficiently large that d(G,(x),a)<e= r.

For n,>n+1, d(Gnk (x). e, )< pd(Gnk_l(x),a)+pd(a,ank ) < pg+pd(a,ank )
Then d(Gnk (x).e, ) >d(0{,0{nk)—d(6nk (X),a') , giving

d(G, (),a)>A-p)r-pe>e, (<)



<1}.Thus

Example : X =S c C, usual metric. tk(z):lx+i k y—l , S :{z:|x|
2 4(k+1)" 8

<%. Then F (z) - -.14384104i, n=20, and G, (z) — a:—%i slowly.

p=1
2 ’
Example :  Let z(t) be a contourin C defined on te[0,1] and let S, be the set consisting

of all such contours with z(0)=«. Let S,(M) be the subset of S, for which Sup|z(t)|<M,

te[0,1]
M>|a|. Let M=1 and a=.1. Now define a sequence of operators {T,}  having the
property T,z(t)e S, (M) for z(t)e S,(M). Set

z(£)=x(t)+iy(t) = (.6tSin(10t +5)+.1) +i(.6tCos(10t +5)+.1) and

3 k
T,2(t)=(petCosy(t) +1) +i(pSinx(6)+.1), p=———

. The metric here is

d(z,(t),2,(t)) = Sup |z, () - z,(t)|. Then
te[0,1]

Tz,(6)- T,z (t)| pk‘ tCosy,(t)—tCosy,(t))+i(tSinx,(t)—tSinx (t))‘
= pL[esing, (6)]y, (6) - y,(£)] + itCosg, (e, (6)— x, ()]
< pE (1O -2,(0) +(x,(O)-%,0))" ) = P} |z, (O)- 2, (0
Therefore [T,z,(t)~T,2,(t) < p, |2, ()~ z,(t) = d(T,2,().T,2,() < pd(z,(£),2,(1)) .

T,oT,0--0Tz(t) —» Bt) and T, oT , o---oTz(t) — oft)

n n

z(t) green, B(t) purple n=1000 z(t) green, a(t) purple



Example : In this example two methods of contour composition are described and illustrated.
) i
Suppose we have two contours: z,(t)=3t—it’* and z,(t)=2t——t’. How can we

“compose” one with the other? One method would be to simply express
i
Z(t)=2z,02 (t)=3t(2-t*)+=t*(t*-13
(=27 (0)=3t(2-")+_t*(¢*-13)

But there is a more interesting compositional procedure that involves the differential equations
giving rise to these contours. Let us write

dz dz
v o=ezt) and yioc=0,(20)

. dz
And define 7,07, :Ez(p(z,t):%((pl(z,t),t)

Of course these expressions are not given at the outset, but may be derived as follows:

dz, ) (1 2 2, 2 .
—=3-2it=3-2i| —(z+it*) |=3+—t"——z=@,(z,t). Similarl
dt (3( )j 3 3 ¢1( ) y

dz, 1, i dz 1, 1 (3 1, 1

—~ft=2+—t"——z=0,(z,t). Therefore, —=¢(z,t)=|2+—t"—=x |—I| —+—=t"+=y |.
dt 4 2%() dtw()(zl 3)(23 37
The red contouris z(t)=2z, oz, (t); the two blue contours are z,(t) and z,(t). The green

contouris ¥=7,0% . Thevector fieldis f(z,t)=¢(z,t)+z.




This peculiar composition can be expressed as %: o, (%,tj =, (¢,(z,(¢),t),t) which

presents a problem of interpretation, as the z's are not the same. However, separating ¢,

from its differential equation opens the possibility for a new z =z(t), satisfying % =¢(z,t).

From the previous example let S,(M) be the subset of S, for which Sup|z(t)| <M, M >|a'|.

te[0,1]

Now, assume =0, M =1 and ¢,(z,t)=¢,(z(t),t) is an operator on this set such that

d(9,(2,,£),9.(2,,t)) < pd(z,(t),z,(t)), which entails the inequality

|(pk(zl,t)—(ok(zz,t)|<,0|Zl(t)—zz(t), p<1, Vk=1, Vte[0,1]. Also, require ¢, = ¢@.

Then %z (Z,t)=£¢k(z,t) defines a unique contourin S, (M).
k=1

For example, set

z(1)=.578+.254i n=500



