A Note: Exotic Explorations & Images in Analytic Continued Fraction Theory
John Gill 2015
Abstract: Informal discussions of unusual continued fraction examples & theory. The images — apart from vector fields - are

simple topographical (contour) maps with dark=small moduli and light=large moduli, and do not necessarily correspond to
theoretical hypotheses.

1. Continued fraction fixed-point algorithm

a(z) olz) o(z)

Bi(z)+ B(2)+ Bi(z)+ )

Begin with: CF = - From which one obtains

% (6,,(2)) (G,,(2) «(G,(2) |+ #(G,,(2)

G,(z)= , Gy(2)=z
p(G, . (2)) + B(G,(2)) + B(G, . (2)) + B,(G, . (2))
Or
(1) Gn(Z): al,n(Z) aZ,n(Z) + an,n(z)'
bl,n(Z) + bZ,n(Z) + bn,n(Z)

Where a,,(2z)=a,(G, (2)), b,,(2)=p5(G, ,(2)),

Suppose, e.g., |Z|<R, a'k(z)|<R, ,Bk(z)|>1+€+R .
Thus 2(2) %<R, ‘ “H(Zoz B <r<R, etc
Fi(2) " B (2)+-F
B (2)

When there is a contraction into a compact set involving g,(z)= f, o f, o--o f,(0), where

o
fk(é'):ﬂ, and all functions are analytic in the region being investigated,

B.(2)+¢
G (z)= Lgk(z) =g,°9,,°°9,(z) and (1) converge to the fixed point, ¢, of the CF if and
k=1

(Xl(g) az(g) 0!3(5')
L)+ B+ Bo)+

only if the fixed points of g,(z) convergeto ¢ [1]: ¢=



Analyticity may be replaced by a simpler condition:

Suppose |gk(z)—ak|<p|z—ak, 0<p<1, Vk, zeS$, g,(z)eS and o, —>«.

Set G (z)=g9,°9,,°-°9,(z). Thenitis easily seen that

n—1
-k
G (z)-a|<p"|z—a|+|a,—a|+ D a.p"™", a =|o~ .| -
k=1
n-1
To show that Z(Jkp”‘k — 0 is a pleasant advanced calculus exercise. Thus G (z)— o .
k=1

L(z+1)? L(z+1) L(z+1)
1 - 1 + 1 -

we use the algorithm at each point of the region to find a fixed-point ¢, then we calculate

D(¢)=F(g)—¢ and graph the moduli at that point in the plane. Very dark suggests D(¢)=0.

Example: F(z) = ..., F(z)=z7?, [-10,10], n=5. Here

N=10 (right) shows a nearly continuous dark image, suggesting that the algorithm leads to the
fixed point more or less uniformly on the region. ¢=-.0726+.2138i



Example: [-15,15]
5((x+1)Cos(y 1) +i(y +1)Sin(x- 1))’
1 =
2((x+1)Cos(y 1) +i(y+1)Sin(x- 1))’

1 +

L((x+1)Cos(y - 1) +i(y+1)Sin(x - 1))’

1 -

N=3 N=10 ¢ =~.14436+.04085i



Consider the continued fraction with analytic partial numerators/denominators (holding ¢

constant):

a,(z,¢) azf) a(zd) +a,(z)
b(z,{) + b(z.{) + b(z.{) + b(z.0) +

CF(z,¢(t))= ., t:01

Define by recursion, for each value of t:

a,(9,4(2.6)¢) a,(9,4(2¢)¢) +a,(9,.(2,6).¢)
b,(9,.(2.$).8) + b(9,.(z.5).0) +  b,(9,4(2.).¢)
a4, a,, +an,n
b, + b, + b

n,n

9,(z,8)=

With te[0,1] = {(t)e H , continuous, and
9.8, H)cQcS, g,(&,(S().¢(t)=a,(5 (1), &, () a(S(t)

= CFlac(t).¢(t))=a(s(t)), [1]

For a given function {(t), the g“ - Fixed Point Spectrum is the contour whose points are the

fixed points of the original CF, corresponding to the points of the contour {(t).

Example: CF(Z,Q"(t))zZ—'_g 2+ zZHg —Z Z+g ..., [-1,1]. £(t) contour green.
2+ 54+ 10 + n“+1 +
't .
ft)=it C(t)=t* +it



2 2 2 2
Example: CF(z,((t)=2te 258 Z+6  £2%6  ryy_priy
2+ 3+ 4+ n+1 +

-0.1 +i 0.1

L —

0.50570386

T

A & a e

The vector field is an approximation of the T-D vector field defined by the CF.

xCos(y)+iySin(x)+Sin(zwt) xCos(y)+ iySin(x) + Cos(wt)

3 4 P .., ¢(t)=Sin(xt)+iCos(rt)

Example: CF =

.} W JeRet —— =
F:l].29788515e-1 +i <D.21210817$” W W

.0.64543482 +i 0.5822598e-3 \g&/ %
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The progression of fixed points can be followed by observing the vectors. The top number in
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the upper corner is the mean of the fixed points (red dot) corresponding to the green contour.



2. Continued fractions as functions of the tail-end variable

A different interpretation of fixed points of continued fractions occurs when one considers a CF
to be a function of the “tail end” variable. A CF can be interpreted as a forward or inner
composition of linear fractional transformations of the general form

_a,(Q)z+b,(0)
¢(Dz+d,(0)

t,(2) 0,({)=0, ¢,({)=1, T,(2)=t,ot,0-0t,(2), 2=0.

In applications the CF is considered a function of ¢, but fixing { and allowing the
compositional variable z to assume other complex values gives a CF as a function of z.

Lorentzen’s theorem [ 2 ] requires tn(S)cﬁcS andyields T (z) > « for ze S, where
a=o({), a,=T,/(a,) and

o, —»a=T(a)=LimT («,).

1+1i)z+(1-2i)
(1-2i)z+(5-1i)

Example: t,(z)=

, T(-6-3i): n=1,n=2,n=3
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This example shows how rapidly the composition of LFTs evolves into a simple vector field
structure with a single attracting fixed point. For values of n>3 the vector field shows Zeno
contours converging to the attractor along approximately straight lines.



Using the following schema of forward recursion for continued fractions, one can locate fixed
points of these continued fractions — as functions of the tail-end variable z. Or the fixed point
can be found by resorting to the algorithm described earlier:

An(Z)_ al az a3 an
B(z) b, + b, +b, + b+z

A =b A _ +a4,, A(z)=(b,+2)A,_ +a,A,_,
B,=bB, ,+aB,, B, (z)=(b,+2)B, ,+a,B,,

Apz+d, . _AL-B+\(A B +4AB,,
B, ,z+B, 2B

n-1

4+(3+1)1 4+(3+1)i 4+(B+3) 4+(3+1)i

Example: T (z)= — - 8§ - 8 +(1) z
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n=15 = ¢=-2.047+4.476i using the algorithm in 1. rather than the schema.



3. Continuized linear fractional transformations and contour integration

al +b
c¢+d
or) two fixed points (« and [ ) and its multiplier or indicator (K ), as

A linear fractional transformation (LFT), f({)=

, can be written in terms of its (one

S

fle)-a_p z-a _ fO)-a_y. z-
(OB B T O " B

(@-K"B)¢ +aB(K"-1)
(1-k")¢ +(K"a-pB)

, implying

)=

, leading to a natural continuization

(a-K'B) +ap(K' -1)
(1-K*)¢ +(K'a-p)

V()= ()= , 0<t<T. Then

(@-KB)S +op(K-1)
(1-K)¢ +(Ka-p)

fP()=¢ and  fH({) = = f(£).

T
A simple algorithm then allows the computation of a contour integral A({,T)= .['V;(t)dt.
0

If one interprets ”Vg(t) as the instantaneous velocity of a particle departing from the origin,

T
then A({,T)= j’\é(t)dt is the displacement of the particle from the origin at the end of T time
0

T
units. The distance traversed by the particle is given by: L({,T)= H’ng(t)‘-dt
0



3
Example: @=1, f=15i, K=-8i, {=1-i, T=3, A({,3) = [V,(t)dt~ 2.409+.0728i
0
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The velocity contour is green and the integral contour is blue.

Suppose now that a CF is generated that provides the instantaneous velocity of the particle as
each discrete approximate. If, for instance, this is each minute, how can one reasonably
compute the displacement of the particle at, say, 3 minutes and 23 seconds? One answer is to
continuize the CF [ 8 ] and interpolate for the 23 seconds.

A general composition of LFTs:

a,§+b,
c,{+d,

Ag“+
C.{+D

A=aA +cB ,B=bA +dB ,C=aC_+cD ,D=bC +dD

n* “n-1 n-1’ n~n-1 n-1’ n~’n-1

f,(&)= , E(&)=fiofyoreo £i(E) = F(E).

We have F, ({)= with the forward recursion scheme

(an —K,E,,Bn);+0!nﬁn (Kfl —1) ~ aff)§+b,5”
(1-K;)¢+(Kia,=5,) ¢ +d))

continuizing the composition.

Defining  f({)= generates an algorithm for



T
Example: {=.5-2i, A({,T)= J"Vg(t)dt, a, =2++i, B, =++5I, K, :%
0

k

’V;(O)=.5—2i, 'Vg(l): @, p, , ’yg(z): @ p, "yg(g): o By
a1+ﬂ1 a+ﬂ_a27’62 a+ﬂ_ aZIBZ
1 1 1 1
a2+ﬁ2 a3ﬂ3
@+ p,
a; + f;
3.3833
AL, T)= j V,(t)dt = 2.5193+.5055i :
0
- - - - ] > P - ™ -] Y Y| N Y J J 74 "4
Displacement Integral
T251933416%  +in050546602 T TR Tl ey TNy Ny Ny Ny N\ i Y I i L ok
Final instantaneous velocity
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L(S,T) =ﬁ’V;(t)"dt ~ 2.978

~10 ~



Examples: (Topo contours) (1) a=1+2i, f=—1+2i, K=.4(1+i), n=100, [-15,15],

(2) @=-3+3i, B=5-2i, K=8+4i, [-60,60], n=100  A({) = [V;()dt, [A({):

(1) (2)
o of .
When K =-— the LFT has the appearance f({)=——-— and a composition of such LFTs
B a+p-¢
generates a continued fraction.
1
Example: a=1+i, f=1-i, K=i, [-20,20], n=100 A = I'Vg(t)dt, ﬂ(§)|:
0

~11 ~



4, Fixed-point continued fractions

A fixed-point CF is generated by tn(z):a”—’b)”, T (0)=t,ot,0---0t (0).If |05n| < then

o +p -z

@, is an attractor and B isarepellorof t .If t =t then the (periodic) FPCF will converge to

B,

o, =« . The indicator (or multiplier) K, =—" provides a means of classification; in the present

n

o
case the CF is Hyperbolic/Loxodromic (from similar classifications of t (z) ZHTIBH ).
a+p -z
Assume in what follows these conditions hold.
We have
FPCF: alﬁl azﬂz a'3163
a, +161 - o +132 - o +:B3 -
a a a. o n (K
The equivalent CF of Euler, CF,=—- Z i .. = Ha'j ,
1- 1+a,- 1+a, - 1+, iS5\ 4
n k
a. a a Z Haj e
yields a specific fixed-point CF: 2 s = A
1+a,- 1+, - 1+a, n
a

The general FPCF can be rewritten as

@ o o
FPCF = f3 - — b — A ~ by which implies , under the assumption 8 =/,
tl- p+1- 41—
1 2 3
1
FPCF = 8|1 - (a,=1)

~12 ~



A FPCF: alﬁl azﬂz a'3163
a, +:B1 - G +162 - o +:B3 -

However, in the more general case where @, -« and |Kn| < p<1 it has been shown that the

. convergesto « provided o, =a, B, =8.

CF may converge more rapidly to its final value if one forms the sequence

I eGP @b, _ab ap,

0!1+ﬂ1— a2+152_ a3+183_ an+18n_a

And oddly enough if @, and S are analyticin ¢, say, the expression

T (8)= o py o,p, o, a,p,
" o +B - a,+B—- a,+B-  a+B-p

might analytically continue the normal FPCF T, (0)=F, ({)—>F({).

l introduced the concept of attractor fixed-point acceleration of limit-periodic CFs (LPCF) in [3],
and Thron and Waadeland completed the theory later in [4]. | also introduced the idea of using
the repellor to analytically continue the CF [ 5 ]. What follows is a rough sketch of that
acceleration argument [4]:

a a, a, a -a, -a, —a, —-a

First, observe that < = 4
b,— b,— b,— b,—z -b,+ —-b,+ —b,+ ~b, +z
So that
a1ﬂ1 az:Bz amBn _ 4 a, a, a,
a,+B - o,+B,—- a+B -z b+ b+ b+ b+z’

a, :_ak:Bk' bk :_(a'k +ﬁk) .

Assume that &, > a, B, — B, although the second condition is not necessary.

%

As before |Kn| =|—-*<r<1. The LPCF converges, so call its value T.

n

T-T,(2)
T-T,(0)

by resorting to the standard forward-recursion formula from elementary CF theory:

The strategy is to find an expression for that tends to zero for z=« . We do this

~ 13 ~



A (b +2z)+A, a,
B _,(b,+z)+B, ,a,

A
T(z)=—"==
"()Bn

Setting the “tail end” of the CF, v =t ot , o---, provides T=T (v,,). Algebraic

T-T
manipulation gives | "(Z)| = ! 11— ,
‘T_Tn(o)‘ 1+B”—1 4 Vn+1
Bn
Bn—l an an—l aZ al
=b —, areverse CF that converges [6]. It can be shown that

+
B " b ,+ b ,+ b+ b,

v, — &, areasonable result since t, =t for large values of n. Therefore z =« is the best

accelerating factor for most LPCFs.

auBl azﬁz as:Bs
0{1+ﬂ1— a2+182_ 0{3+,B3—
a, =z, a,=z-(1-1), B, =12(1+i), o, >a=z, n=5,[-15,15]

Example : FPCF =

T;(0) Ty(e) = T.(0)

~ 14 ~



5. A Tail-end virtual integral for continued fractions

Begin with FPCF = o/, %/, %/ ... whereeach o, = (2), B,=5,(2) is
o, +ﬁ1 - +182_ @, +183 -

continuous in some ScC.
Now for a given n form¢(z,£)=¢t, ot,, 0---0t ({), { =0 for k=nn-1,---,1.

And create a Riemann-like sum:

1
A(D =30z )+ 1oz, )+ (2 ) = [zt
0

1
Example: ¢, (z)=z, B.(z)=k, n=15, [-15,15] Iw(z,t)dt =
0

~15 ~



6. Self-generating continued fraction series

A variation on a contour generator produces a self-generating series whose terms are
continued fractions:

z,k 1
g @)= P02y LG (=g, 00,0, 000, 6(2)=G,,(2).

G,(2)-2=n, [M]m,, (Wﬁm_(z'i))}...m,,(“’(Gn_l.,,(z.";l))J
VA

Gl,n (Z'% Gn—l,n (Z'L;l

1
=0z )+ y(z )+ 4z~ [p(z,0de
0

1 G G
E.g., G3(Z)=Z+773¢(Z'3)+ 773¢( 1,3(23) + 7]3?( 2,3(2))
7+ 773¢(Z'§ 773¢(Z'§) 773¢(G1,3(Z))
Z+ + n
z z 5+ BA2,3)
Z

The convergence of this expansion depends upon the solvability of a DE.

2ke dz _2e’t A e : :
Example: g, (z)=z+7,  —= = = = " =——"% Inotherinstances it
' z

dt z z(t)-1
can merely be shown the DE is solvable
. 1
Example : ¢(z)= ).(Cosz(y) —+i fVS";(X) =, [-3,3], ﬂ*(z)=z+Iw(z,t)dt
1+2Sin(x")Cos(y°) 142Sin(x")Cos(y) 0

TR




Example : ¢(z)=Tan(z) , [-20,20] and [-2,2], n=30 ﬂ(z):jw(z,t)dt:

7. Self-generating Tannery continued fractions

p(z) pG,,.(2) pG,,.(2)) PG, 1,(2))
S, + 6, + &, + ) '

1,n n,n

Consider the CF C (z)=

_p(2) __ p2) _ plz)
Where G, (z)= 5. G,,(2)= 5 +M' Gy, (2)= 5 4 pG,,(2))
L 0,, v S +M
2,n 53”1

A, (z)

(2)

with

Using the forward expansion formula the kth approximantis C,  (z)=
k,n

Ak,n = é‘k,nAk—l,n + p(Gk—l,n (Z))Ak—z,n ) Bk,n = é‘k,an—l,n + p(Gk—l,n (Z))Bk—z,n ’
A,=1,A4,=0,B,=0,B,=1.

n

Set 8,,=9, =1 and Az)=1lim> A, .(z) , where
, - i 2t

~17 ~



k k 1 k k 1
AZk,n (Z) = Z(5nHP(G],n (Z))j + gk,n = ; ’ (Hp(Gj,n (Z))J +gk,n - ;W(Z,%) ’
I=1 1 1=1\"1
with the products difficult to describe other than j<k.

The ¢, , consist of higher order terms (involving ip,p >2) that are discarded.
’ n
. n n 1 L 1
Thus /’{(Z):}II_I;EZAZk,n(Z) , ZAZk,n(Z)~;l//(z’;)-i_“'-i_;y/(z’%)
k=1 k=1

1
Then, in a very speculative sense  A(z)~ Iw(z,t)dt
0

What happens when &, — 6, for each k? The following may apply:

Theorem 1: (Gill, [7],1992) Let {f, }, I<k<n be afamily of functions analytic on a simply-

connected domain D. Suppose there exists a compact set Q D such that for each k and n,

f, . (D) € and, in addition, limf,_ (z) =1, (z) uniformly on D for each k. Then , with

E (z2)=f of, o--of (z), F (z)—>A,aconstant function, as n — oo, uniformly on D.

Example : p(z)=xexp(4Cos(x / y))+iyexp(4Sin(x/ y)), 6, :1, [-10,10], n=40, A(z):
n

~ 18 ~



2—Cos(y) i 1-2Sin(x)

_ _ ,[-10,10], n=40,
1-Sin(x)Cos(y) 1-Sin(x)Cos(y)

Example : p(z)=

We replace 1 by 5“:1605(5). ANz) :
n " on

7b. Self-generating continued fractions
We investigate a simplified version of the CF in 7.

Theorem 2: (Lorentzen [2],1990) Let {f } be a sequence of functions analytic on a simply-connected
domain D. Suppose there exists a compact set 2 < D such that for each n, f (D) c Q. Then

F (z)=f,of, 0---of (z) converges uniformly in D to a constant function F(z) = A.

Consider
CF (z)= p(z) p(G,(2)) p(G(2)) p(G (2))
n 51 + 52 + 53 4 _§n+1 ’
_pz) __ P _ p(2)
Where G1(Z)— 51 , Gz(z) 5 +M, G3(Z) 5 +M ,etc. ,
B s L PG(2)
2 53

With p(z) analytic in a region described below.

Write Tk(a)):m. Then  CF (z)=T,oT,o---oT (0).

k+1

~ 19 ~



Suppose now that |a)|<R and for |Z|<R,

p(z)|<M; and in addition |5k| >R+@.

Then for each k and relevant z,

R
T (w)<——<R
(@) 1+¢

Thus the conditions of theorem 2 are met, and for each z we have CF, (z) — A(z).

There are ways around the requirement of analyticity in theorem 1:

Consider F (z)= f, o f,o---o f (z) with each function defined on a domain S cC thatis

bounded and convex, and suppose f, (S)< S . Furthermore let the family of functions be

£,(2)~ £,(&) < p|z=¢] for
(2)|< p"-Diam(S)—0, n— 0. Also

uniformly Lipschitz. |.e., There exists a number 0< p <1 such that
F(z)-F,,
F;I(z)—F;I({)| < p"-Diam(S)—0. Therefore F (z)—> A VzeS.

all nand all pointsin S cC. Then

Cos(x+y) iy Sin(x—y)
Cos(y)+Sin(x)  Cos(x)+Sin(y)’

Example : p(z)= 0=10, [-10,10], n=30:

~ 20 ~



SCos(y/x) ; SSIn(X/Y) s 10 (10,10],n=30:

E le : =
xample : pla) = s+ Sin(x) ' 1+ Cos(x) + Sin(y)

el

|

flatl

\\)

8. Fixed-point equivalent continued fractions

From Euler’s equivalent continued fraction ,

o P, P Pe T
CF, Tog T Z{Hpjj

T1- 1+p0,— 1+p,—

k=1\_j=1
Consider, now, a sequence of functions {a'k,n(z)}z=1 , 11— o0, so that
a n(Z) a n(Z) an n(Z) u L
- . - =2 [le.(@)] -
1- 1+a2,n(z)_ 1+an,n(z) m=1\_k=1

Clearly the convergence of CF, is equivalent to the convergence of the series on the right.

~21~



<M, , ZMm < forall ze §, Tannery’s theorem can

If Ha,m(z) — B, n—o, Hak’n(z)
k=1 k=1

be applied, showing the CF converges to Z,Bm .

In order to generate a virtual integral, set y/n(z,%)=n-Hak_n(z) . And we have :
k=1

i[ﬁak,n(zJ] = @) ) ey 28) - [Pl

m=1\_ k=1

The {O(k_n(z)} and {1} are the two fixed points of the linear fractional transformations

a, ,(2)

C(2)= al,n(Z)
1+a,,(2)-¢

= , T.(2)=t, ot, oot (0
1_7-;1(2) n( ) 1,n 2,n n,n( )

tk,n(g) =

Andif o, (2)=(2) ,

o(z)|<1, ze S, it can be shown that T,(®) - a(z) as n— o

1
for =1 . Under these conditions 1g//n(z,% :(a(z))mand Iy?(z,t)dt = —a(z) .
n 0 1-a(z)
1 o2)
Example : a(z)=xCos(x+ y)+iySin(x—y), n=20, 1.9<x,y<2.7, Iy?(z,t)dt = - ):
0 -a(z

This is a magnification of one of the periodic uneven ovals that populate the plane. Outside the ovals the CF
diverges, and the dark points on the interior are zeros or close to zeros.
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9. Mixing Euler continued fractions with contours

Another virtual integral approach with the Euler CF is to associate the components of the
fraction with a certain contour:

k-2 1
gk,n(z):Z+77n {Hp(cj,n(z))jp(z) ’ Gk,n(z):gk,nng—l,no“.ogl,n(z)' 77n =;'
j=0

which corresponds to

pG,,(2))  p(G,,(2)) p(G,,(2)) pG,.,,(2)) . [ :
1= 1+p(6,,(2)- 1+p(G,,(2)-  1+p(G,,,(2) =

p(G,-,n(z))J

j=
1 1 1 h

Sothat G, (z)-z=—w(z2)+—y(z,2)+ - +—=y(z,2)~ Il/f(z,t)dt where
n n n 0

w(z,%)=Hp(G,-,,,(z))-

Example : @ (x,y;t)=(x+Sin(y))+i(y—Cos(x))—(t* +it+c)=0= %:p(z,t),

o(z,t)= 2t —Cos(y) 4 1-2tSin(x)

~ 1-Sin(x)Cos(y) ~ 1-Sin(x)Cos(y)’ Fas sl ﬂ(z):-([ plz.tt:
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10. Reverse self-generating fixed-point continued fractions

Set g,({)= 1+£((g:_‘11((§))))_§, z&{eS, g,({)eS forasuitably well-behaved p(z).

k
Form G.(z)= £g,(0), limG,(z)=G(z). We have

j=1

G (2)= PG, (7)) PG, ,(2)) p(G,(2)) p(z) ;
14 p(G 4 (2) - 146, ()~ T 1+p(G(2))- 1+p(2)-¢

Abbreviate p, = p(G,_,(z)). Then G,(z)= 1i"5('z()z) , Sn(z):zn:(ﬁij =a,(n)+a,(n)+---+a,(n)

If a,(n)—a,,

ak(n)| <M, sz <o, Tannery’s Theorem will insure convergence of S (z).

Example : p(z)= p(x+1iy)=xCos(y)+iySin(x), [-15,15], n=30
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