RANDOM VARIABLES: probability distributions, means, variances
Random Variable = Numeric outcome of a random phenomenon

Discrete example: Consider a bag of 5 balls numbered 3,3,4,9, and 11.  Take a ball out at random and note the number and call it X, X is a random variable.  Let’s complete the probability distribution of X.

	X
	3
	4
	9
	11

	P(X)
	
	
	
	


Lets also make a graph of the values of X (imagine the balls are now cubes with base 1 and we stack them as follows).
Link with such graph: https://org.coloradomesa.edu/~epackard/RandomVs.pdf
Note that if the heights are changed to probabilities and the cubes are thought to have base 1 the total area is equal to 1 just like the continuous case (even though this case is discrete).

MEAN:  you may be familiar with the mean or average, to calculate this you add all the data up and divide by how many.   In the formula, N=how many in the population, x=data.  
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 . (use this to find the mean in our example)
Note that we could also use the following formula with the exception that the x’s can’t repeat.
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  (use this to find the mean in our example and see that it really is the same as the other method)
Note that we could also find the total area if we multiply the heights in our previous graph by x and that would give us the mean.

Link with such graph: https://org.coloradomesa.edu/~epackard/RandomVs.pdf
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VARIANCE:  a measure of variability
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[image: image6.wmf]|

|

m

-

x

                        Represents how far a piece of data (x) is from the mean (  
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                          Represents on average how far data are from the mean.   This is a great measure of variability that takes each piece of data into account.  The problem is that it is not used, surprisingly the mathematics (behind the scenes to us) is easier if we doctor up (mess up) the formula as follows (
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 represents variance)
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So the variance is actually the average of the squares of the distances of data from the mean.
With mathematics you can show that the following formula (which is usually much easier to use) is equivalent:
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Use both formulas to find the variance in our example.

Note that since the variance is just like the mean with  
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 EMBED Equation.3  [image: image13.wmf]    in place of x, we can use this formula in which the x’s don’t repeat (just like the note a page ago).
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 (use this to find the variance in our example and to see that it really is the same)
Note that we could also find the total area if we multiply the heights in our graph by |x-  
[image: image15.wmf]m

 |
[image: image16.wmf]2

  and that would give us the variance (this is just like the note on the last page with     |x-  
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    in place of x).

Link with such graph: https://org.coloradomesa.edu/~epackard/RandomVs.pdf
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STANDARD DEVIATION:  This is just the square root of the variance and is used more often than variance.  The notation is 
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Example to show that    
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           and variance and standard deviation are a measure of how data vary, that is, if the data is more variable these numbers are bigger.  Consider the 3,3,5,6,13 example as well as 5,5,5,6,7,8.

Which set of numbers varies more?      Calculate these three numbers and show they are bigger for that set.

CONTINUOUS CASE: The 3 ways of thinking about mean, variance, and standard deviation are great for the discrete case, but only the last case (area) can work for the continuous case.
Why don’t the first two work?

Recall in the continuous case we replace the idea of all the probabilities adding up to 1, with total area under the probability density curve equal to 1.   Areas are now the key.

Total area under a probability density curve is 1.

Total area under the curve x p(x) is the mean.
Total area under the curve |x- 
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  p(x) is the variance. 
Recall the example about a random number between 3 and 7 and find the mean and variance.   Note this is a combination of intuition and calculus (which we do not do!)
Also recall HW#2 problem #1 where we were asked to guess the mean (balance point) and the median (point with 50% area on each side).
We don’t do it, but you might wonder how people can find for example the variance of the normal curve.  Once you know the formula for normal curve, you find the area under the curve |x- 
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  p(x) where the mean is 0 and the p(x) is the formula for the normal curve.  If you did this you would get 1.

In this class many things we did involved random variables.   We would like to drill into your mind that many processes involve getting a numeric outcome of a random phenomenon (a random variable) and that these random variables vary, we can find their mean, and how much they vary(variance or standard deviation).  Here are 4 examples, getting more and more complex, but notice the basic theme: random phenomenon yielding a numeric result that would likely give a different answer if repeated.  
1. Roll a fair die, let X=the number of pips.

2. Toss 16 fair coins and let X=the number of heads.

3. Suppose the average score for all people on an exam is 82 with a standard deviation of 10 and we take a random sample of size 40 and find the mean of that sample.  (This is similar to assuming the mean weight of all winged beans was 525g with a standard deviation of 110g and finding samples of size 22)
4. Suppose for 3rd grade boys the average on a test is 50 with a standard deviation of 12 and for 3rd grade girls the average is 45 with a standard deviation of 8 and we take a random sample of 22 boys and find their sample mean and we take a random sample of 24 girls and find their sample mean.  Finally suppose we subtract the girls’ sample mean from the boys’ sample mean. (This is similar to HW 9 where we had independent means)
The last two are particularly important as someone may do a study or an experiment.  The outcome if numeric is a random variable but would not give the same answer every time.  Knowing how the answers are likely to vary can tell us how much we can trust the result.  In practice so much work is put done into doing this one time that we might forget that if we did do it over and over that the answers would differ.

Can you guess the mean for each of the four examples?  (we actually have formulas, but the mean is pretty intuitive)

Can you give the standard deviation?  We have formulas we used before that we will discuss why they are what they are very soon.

Properties of random variables with means and variances:
(For each rule we will find an example that might convince someone they are true, our goal is not to give mathematical proofs, but rather argue why they might make sense)

1.  
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   (if you add or subtract a constant to each piece of data, the mean will get that same constant added or subtracted)
2.   
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  (if you add or subtract a constant to each piece of data, the variance will stay the same)
Here’s an example that might convince you of these two rules.   Suppose an exam is given and the mean is 55 and the variance is 10.   Suppose 5 points is added to each exam score, the new mean and variance would be___and ___.
3.   
[image: image28.wmf]X

cX

c

m

m

=

      (if you multiply or divide each piece of data by a constant, the mean gets multiplied or divided by that same constant)

 4.    
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    (if you multiply or divide each piece of data by a constant, the variance get multiplied or divided by the square of that constant), hopefully your intuition agrees for example that if you double all the data, the variance will be more, that detail that its actually 4 times more is probably not obvious.
Here’s an example that might convince you of rules 3 and 4.  Suppose an exam is given and the mean is 55 and the variance is 10.   Suppose each exam score is multiplied by 2, the new mean and variance would be ______ and ______(hopefully you agree at least that this last blank should be higher than 10, the exact number is probably not obvious)
5.   
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      (if you make a new random variable that is the sum of two independent random variables, the mean of this sum is the sum of the means)
6.  
[image: image31.wmf]2

2

2

Y

X

Y

X

s

s

s

+

=

+

     (if you make a new random variable that is the sum of two independent random variables, the variance of this sum if the sum of the variances)
7. 
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   (if you make a new random variable that is the difference of two independent random variables, the mean of this difference is the difference of the means)

8.  
[image: image33.wmf]2

2

2

Y

X

Y

X

s

s

s

+

=

-

     (if you make a new random variable that is the difference of two independent random variables, the variance of this difference if the sum of the variances)

Here’s an example that might convince you of rules 5-8.  Suppose an insurance company pays an average of $20 a year on each policy, and the variance is 149,600 (standard deviation = $387).  Also suppose that we want to take one policy at random and find its payout, then take another policy at random and find its payout and add those payouts together.  The mean of these two payouts added is _______ and the variance is ________ (hopefully you agree that the variance is more than 149600 since there is that much variance at each step, the fact that it is exactly what it is probably not obvious).  Now suppose we do the same but want to find the difference of the two payouts.   The mean of this difference is _____ and the variance can’t be 149,600 – 149,600 = 0, in fact the variability is the same whether we add or subtract the payouts, so the variance is _______.

Here’s another example:  Suppose you roll two fair dice a red one and a green one.  You calculate RED pips – GREEN pips.  What will be the mean of these calculations?  Hint:the mean of each is 3.5.
What will be the variance?   First find the variance for each die.  

Doesn’t it make sense that the variance of RED pips – GREEN pips would be the same as RED pips + GREEN pips?  

Example to use the rules:  Suppose you have two barrels of numbered balls.  Green Barrel balls have a mean of 18 and a variance of 10.  Red Barrel balls have a mean of 12 and a variance of 8.  You repeatedly take one ball from each and subtract Green Number – Red Number.  What will be the mean and variance of that process?

Describe what the standard deviation is in words:   The square root of the average of the squares of how far data are from the mean.
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