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ABSTRACT. Let introduce the discrete Sobolev-type inner product

1
(f:9) = /71 f(@)g(z)dp(z) + M[f(1)g(1) + f(=1)g(-1)]
+N[f'()g' (1) + £ (-1)g'(-D)],

where

I'(2a + 2)

2\
= o - > —1L
2@a+2(q + 1) (I-2)%de, MN2z=0, a>-1

dp(x)

In this paper we prove the failure of a.e. convergence of the Fourier expan-
sion in terms of the orthonormal polynomials with respect to the above inner

product. Necessary conditions for mean convergence are also discussed.

1. INTRODUCTION

Let us first introduce some notation. We shall say that f € LP(du) if f is

measurable on [—1,1] and || f|| r(qu) < 00, where

(P s @Pau)’ i1 <p <o,

ess sup |f(z)] if p = o0.
—1<z<1

Nl 2 (auy=

Now let introduce the Sobolev-type spaces

Sp=AF = 1A, = 1L gy MU + 1F (=D

+ NS @OF + [/ (D] <o},  1<p<oo,

Soo ={f = fllse= flloe@my< o0}, p=o0.
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If f, g € S we can introduce the discrete Sobolev-type inner product

/ f () + MF(1)g(1) + F(—1)g(~1)]
+ N[ (g (1) + F(~1)g (~1)

where M, N > 0. We denote by {Br(f‘)}nzo the orthonormal polynomials with re-
spect to the inner product (1) (see [1], [2], [11]). They are called Gegenbauer-
Sobolev type polynomials. For M = N = 0, we get the classical Gegenbauer
orthonormal polynomials that we will denote {pEf‘)}n>0. It is well known that, up
to the Gegenbauer orthonormal polynomials, the polynomials B 7(1 ) for M > 0,
N > 0 decay at the rate of n=*=3/2 at the end points 1 and —1.

For f € S, the Fourier expansion in terms of Gegenbauer-Sobolev type polyno-

mials is

(2) Z B(a)
k=0

where

Fy=(f, B, k=01, ..
The Cesaro means of order 4 of the expansion (2) is defined by (see [19, p. 76-77])
DA L
onf(@) =Y it f (k) B (),
k=0 “m
where A2 = (k:‘s).

For M = N = 0 and o = 0, Pollard [15] shows that for each p < 4/3 there
exists a function f € LP(dz) such that its Fourier expansion (2) diverges a.e. on
[—1,1]. Later on, Meaney [9] extends the result to p = 4/3. Furthermore, he proved
that this is a special case of a divergence result for Jacobi polynomials series. The
failure of a.e. convergence of the expansions (2), for M > 0 and N = 0, has been

discussed in [4].

The main goal of this contribution is to prove that, for M > 0, N > 0, and

_ 4da+4
DPo = 3573

there are functions f € LP°(du) whose expansions in terms of the
polynomials associated with the Sobolev inner product (1) are divergent almost
everywhere on [—1,1].

The structure of the paper is as follows. In Section 2, the background about

the asymptotic behaviour of Gegenbauer-Sobolev type orthogonal polynomials is
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presented. In Section 3 we show that, for M,N > 0,1 < p < pp and 0 < § <

2a+2

i %, there exists a function f € LP(du) with almost everywhere divergent

Cesaro means of order ¢. Finally, in Section 4 necessary conditions for the norm
convergence of the Fourier expansion (2) are given.
Notice that the study of the convergence of the Fourier expansion in terms of

the polynomials with respect to the discrete Sobolev inner product

K N

o) = [ F@gaduta) + 33 MeifVawg® (@), Mg >0,

k=1 i=0
has been discussed in ([5], [6], [7], [16]).

2. GEGENBAUER-SOBOLEV TYPE POLYNOMIALS

We summarize some properties of Gegenbauer-Sobolev type polynomials that
we will need in the sequel (see [1], [2], [11]). Throughout the manuscript positive
constants are denoted by ¢, ¢p, ... ; unless specified, their values may vary at every
occurrence. The notation w,, = v,, means that the sequence w, /v, converges to 1
and notation u,, ~ v, means ciu, < v, < cu, for n large enough.

()
n

The representation of BYY in terms of Gegenbauer orthonormal polynomials is

() BiY(@) = 4.1 - 2*)p 5 (@) + Bu(1 - 2)p 7 (@) + Cuplf) ()
i) If M =0, N >0, then

201 (e + 1) a+1
a+2 I'2a+3)

a+1

A, & -
" I'2a+3)

, B, -2°"T(a+1)

1%

_Ana

; Cn

ii) If M >0, N >0, then

a—+1

An =~ 2°‘+1F(a + 1) m,

Bn ~ _,'1—204—27 Cn ~ _n—20¢—2

iii) If M >0, N = 0, then

1
A, =0, B, =~ —2°"T(q+1) | 0" O, ~p2072,
’ (ot )\/r(2a+3)’ "

The polynomials B,(f‘) satisfy the estimate

. Oy ife/n <0 <m/2
(4) |BY) (cost)| = ( : / /

O(n®t1/2)  if 0 <6 < c¢/n.



The inner strong asymptotic behaviour of Bﬁf), for 0 € [e,m— €] and € > 0, is

given by
0 —a—1/2
(5) B (cosh) = ¢ (sin20052> cos(kO +v) +0(n™1),

where k =n+a+1/2 and vy = —(a + 1/2)7w/2.
The formula of Mehler-Heine type for Gegenbauer orthonormal polynomials is

(see [17, Theorem 8.1.1] and [17, (4.3.4)])

(6) lim n=®~1/2pl®) (cos(%)) =27 (2),

n—oo
where « is a real number and J,(z) is the Bessel function. This formula holds
uniformly for |z| < R, for R a given positive real number.

From (8) it can be shown that

n—oo

: —a— a ? —«
(7) lim n~o"1/2ple) (cos(n+j)> =2"%J(2)

holds uniformly for |z| < R, R > 0 fixed, and j € N U {0}.

Lemma 1. For|z| < R, R > 0 fized, we get

(8) lim n*%lﬂéw(cos(%)) = 27 (1 Jaya(2) — cadaia(2) — c3Ja(2))

where
i) IfM =0, N >0, thenc; >0,i=1,2,3, ¢; =c3
i) If M >0, N >0, thenc; >0 and co =c3=0
iii) If M >0, N=0, thenca >0 and c; =c3 =0

Proof. From (3) we have

—a— A (a 4 BN —a— (a+4
n~—"1/2B )(cosﬁ) = A, sin (ﬁ) 1/2pn ' )(cosn)

—a—1/2 (04“’2)(

+ B,, sin® Z) cosz)
n

+ Cpn o/ 2pl@ (cos%)

where j € N U {0}.

Finally, we take the limit n — oo and use the fact that sin and (7) to obtain

(8). O



Now we will estimate the S, norms for Gegenbauer-Sobolev polynomials

1
0 18I~ | BE @)Pduta) + M [[BE)W)P + (BE) (DI
+ N [IB@Y WP+ [(BY (1P,
where 1 < p < co. Hence, it is sufficient to estimate the LP(du) norms for Bﬁf‘).
For M = N = 0 the calculation of this norm appears in [17, p.391. Exercise 91]
(see also [8, (2.2)]).

Lemma 2. Let M >0 and N > 0. Fora> —1/2 and 1 < g < o0

c if 200 > qa — 2+ q/2,
1
/ (1_$)Q|B§La)<$)\qd$’v log n if 2a = qa — 2 + q/2,
0
naeta/2=20=2 o0 < qa — 2 + q/2.

Proof. In order to prove the lemma, we follow the same lines as in [17, Theo-

rem 7.34]. From (4), for ga + ¢/2 — 2c0 — 2 # 0, we have

1 . w/2 .
/ (1 — 2)% B (2)|%dx ~ / 021 | B{*) (cos0)|2d6
0 0

-1

:0(1)/ 2o+t nqa+q/2d9+0(1)/
0 n

/2
9204—0—1 H—qa—q/Qde

-1
_ O(nqa+q/272a72) + 0(1)7
and for qa + ¢/2 — 2a — 2 = 0 we have
1 A~
/ 02+ B (2)|%dx = O(log n).
0

Now we will prove the lower estimates for integrals involving Gegenbauer-Sobolev
type polynomials when M = 0 and N > 0. The proof of the other cases can be

done in a similar way. According to Lemma 1 we have

/2 R n! .
/ 620+ B (cosh)|7d6 > / 02+ B (cosh)|1dh
0 0

1
o c/ (z/n)2°‘+1nq°‘+q/2 n_1|z_°‘ (c1Ja+a(2) — caday2(2) — c1Ja(2)) |9dz
0

~ nqa+q/272a72'
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Using a similar argument as above, for 2o = ga + ¢/2 — 2, we have

n—1/2

/2 . R
/0 020+ B (cosh)|1dx > C/O 02+ B\ (cosh)|Tdx
1/2

o c/ 220‘+1|z7‘)‘ (c1data(2) — cadaya(z) — c1da(2)) |%dz
0
>cn®tl >¢ log n.
Finally, from (5) we obtain

/2 .
/ 6221 B (cosh)|7dO > /
0 w/4

The proof of Lemma 2 is complete. O

x/

2
020+ B (cos0)|7db ~ c.

By using this lemma and [11, Proposition 4], we have:
Corollary 1. Let M >0 and N > 0. Fora > —1/2 and 1 < ¢ < o0

c if 20 > qa — 2+ q/2,
[PSUCHERS (log n)*/a if 2a0 = qae — 2+ q/2,
not1/2=Qat2)/a if 20 < qa — 2+ q/2.
3. DIVERGENCE ALMOST EVERYWHERE
If the expansions (2) converges on a set, say E, of positive measure in [-1,1] then

|Cn(f)B1(1a)($)| — 0 whenn— oo

for z € E. From Egorov’s Theorem it follows that there is a subset E; C E of

positive measure such that
len (/B ()] — 0,  when n — oo,
uniformly for « € E;. Hence, from (5), we have
len(f) (cos(kO+7)+O(n™ ")) | —0,  for n— oo,

uniformly for cosf € E;. Using the Cantor-Lebesgue Theorem, as described in [10,

Subsection 1.5](see also [19, p.316]), we obtain

(10) len(f)] — 0,  when n — oo.



From Lemma 2, for a > —1/2 and 1 < g < 0o, we have
1/q
. (20 +2)
(@) - (a o
(1) 1B o = (g / B ~a)°ds)

1/q0

(log n) if p = po,

na+1/2—2a/q—2/q lfp < po.

where p is the conjugate of g i.e. 1/p+1/g=1.

Now we can prove our first result

Theorem 1. There is an f € S,, whose Fourier expansion (2) diverges almost

everywhere on [—1,1].

Proof. Taking into account (1), the Fourier coefficients of the series (2) can be

written as

(12) ealf) = cu(f)+ M [F)BEI (1) + F(-1)BE)(~1)]
8 | (B) )+ 71 (B (1)
where X
- [ 1@BE@uto)
The uniform boundedness principle and (11) yield the existence of functions

f € Sp,, supported on [0, 1], such that the linear functional ¢, (f) satifies

en(f)

Zizi;g;;5i7f§]i;j — 00, when n — 0.

Hence, from (12) and [11, Proposition 4], we obtain

en(f)
———— — 00, when n — oo.
(log n)l/(Q‘IO)
Since this result contradicts (12) then for this f the Fourier-Sobolev series diverges

almost everywhere on [—1,1]. O

Next we show that, for some values of d, there are functions with a.e. divergent

Cesaro means of order 4.

Theorem 2. Let «, p, and § be real numbers such that o > —1/2,

4o+ 4

l<p<
200+ 3

if M >0, N>0,



da+4
1< i f M =0, N>0
_p<2a+37 Zf ) — )
O§5<2a+272ﬁ+3’
p 2

then there exists f € S, whose Cesaro means ol f(x) is divergent almost everywhere

on [—1,1].

Proof. Let M, N > 0. If the expansion (2) is Cesaro summable of order § on a set,
say E, of positive measure in [—1, 1], then from [19, Theorem 3.1.22] (see also [10,

Lemma 1.1]) it follows that
len(£) B (2)] = O(n?)

for x € E. Again, from Egorov’s Theorem it follows that there is a subset £y C F

of positive measure such that
e (F)BYY ()] = O(n?)
uniformly for x € E;. Hence, from (5), we have
In%c,(f) (cos(kO +~)+ 01| <c

uniformly for x = cosf € E;. Using again the Cantor-Lebesgue Theorem we obtain

en(f)
13 < Vn > 1.
(13) = 5l<e n>
Suppose that
2 2 2 3
0<6< at2 26+ .
p 2
If ¢ is the conjugate of p, then from the last inequality, we get
1 2 2
fcati- D2
q q

Using the argument given in [10, Subsection 1.4], (11), and [11, Proposition 4],
for the linear functional ¢} (f) = f_ll f(x)Bﬁf‘) (x)du(zx), it follows that there is an
f € Sp, where

l<p<py if M>0, N>0,

1<p<po, if M=0, N >0,

supported on [0, 1], such that
cn(f)

nd

— 00, when n — oo.



So, from (12) and [11, Proposition 4], we obtain

cn(f)

nd

— 00, when n — oo.

Taking into account (13), for this f the Cesaro means ol f(x) diverges almost

everywhere. O

Remark 1. Using formulae in [3], relating the Riesz and Cesaro means of order

0 > 0, we conclude that Theorem 2 also holds for the Riesz means.

4. NECESSARY CONDITIONS FOR THE NORM CONVERGENCE

The problem of the norm convergence of partial sums of the Fourier expansions
in terms of Gegenbauer polynomials has been discussed by many authors. See
[12], [13], [14], and the references therein.

Let S, f be the n-th partial sum of the expansion (2)
n A A
Sulfox) =D [(K) B (x).
k=0

Theorem 3. Let a > —1/2 and 1 < p < oo. If there exists a constant ¢ > 0 such
that

(14) [1Sn flls, < cll fls,
for every f € S, and n >0, then p € (po qo)-

Proof. For the proof, we apply the same argument as in [13] (see also [18]). Assume

that (4.1) holds. Then
I(f, BEDVBE (@)1, < 2¢] s, -

Therefore
1BS (@)ls, | BS ()]s, < oo,
where p is the conjugate of ¢q. From Corollary 1, it follows that the last inequality

holds if and only if p € (pg qo)-
The proof of Theorem 4.1 is completed.
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